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Derivative of Inverse Function Theorem

Function and Inverse Pre-requisites: ,
Given each function, identify key points on the function that fall on lattice points of the coordinate grid. \ i o

ReFLerrient
Mark 7 points on the parabola with visible dots. Mark 3 points on the cybic with visible dots.
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a) Write the equation of each function in (h,k) form and evaluate the function at the given point.
V( I\~ j Quadratic functionL (3, f(3))= Cubic function G-= 4_(4/ (1, f(])):
- f X)= ‘i(/\ = 5 f '
ozl | FE)=1{ (V) (%,1) ()%,(x x| (1,9)
b) For each function, list the operations on x that yield y.
Parabola . _| e +D Cubic W< +| X S5 =]
SQUARE + cvpe X 2.
-2 ol Xg a3
e e )
Invex2se -

c) Write inverse equations by using the list in (b) & applying inverse operations in reverse order on x.
State the corresponding inverse coordinate from the point on the function inpart (a)
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d) Accurately, sketch the inverse function on the coordinate grid using the key lattice points.g Label /7' (x) }/

e) Find the derivative of the function at the specified point.
Find the derivative of its inverse at the corresponding point on the inverse.
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f} What is the relationship between the derivative value of the function at the point and its inverse at the
corresponding inverse point? __
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Derivative of the Inverse of a Function

Class/Period: Date:
Suppose that fand g are inverse functions. What is the relationship between their derivatives?

e Algebraically: inverses are obtained by interchanging the x and the y coordinates and solving for .
e QGraphically: inverses are a reflection of the graph on the line y = x.

If f passes through the point (a, b), then the slope of the curve at x = a is represented by f'(a) and is represented

A
by the ratio of the change in y over the change in x, Ey .

When this figure is reflected on the line y = x, we obtain the graph of the inverse /! and this passes through the
point (b, a), with the horizontal and vertical sides of the slope triangle interchanged. So the slope of the line

Ax
tangent to the graph of /! at x = b is represented by the change in x over the change in y, o This is the
y4

reciprocal of the slope of fat x = a.

y
'y

SO

 Pla, b)

=X
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Given (a, b) is a point on £, and g is the inverse of f, - -
{ =. Yonton 9@4)
Iff'(a)=m,then g'(b)= —.
m

The derivative of the inverse of a function at a point is the reciprocal of the derivative of the function at the

corresponding point.

(b

o)



?%,Lo Tvatie o Tnverse Fucin s gv gy NOTES

AB Calculus — Supplement Derivative of the Inverse of a Function
Examples: '\ 2= 008 e
1) If£(7)=1andf'(7)=5, and g is the inverse of f, then what is g'(1)? Retif2o cA—s
H): (7)) —— gl () : o
(N =5 97e) = L R

O

2) Givenf(2)=5,f'(-2)=6, mnd g is the inverse of f; what is g'(5)?

604 ((25) — &)= (5,-2)

F(-2)=G6 Si=h=—"
3) A function fand its derivative are shown - is the inverse of £, find g’(4) and g '(-1). Ee& ?(‘QCQJL ,
£0¢) s (-3,4) /AM:(:?« £/ g(<)s (4,-3)
£1(3)=1 Lt Cofy L =
e RN R s J e
o) : (zl'n ] 3 5(“*) "(—'l,’L

)
F(2)= "3 g-) = -
U L N = - R 2

4) Letf(x)= \/; , and let g be the inverse function. Evaluate g '(3).

fl)= Jx 022223y o()=x®

fa)=> f):(q,d)€—— g{» =1 g ) (?jﬁ)
Fro= 1 \’(-—q ge=2x|, .
fllony=L ———peurerTy 3’(4.:) =6

5 Iff2)=-3,f'QQ)= 3— , and g is the inverse of f, what is the{equation of the tangent linelto g(x) and x = -3?

H2) = ->
S 2 (2,72 S 76‘) : (-3,2)
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Derivative of the Invérse of a Function

6) The following figure shows f(x) and f~'(x). Using the given table, find: -

0 RFOro Y.  H2Ed o ()= . )
9 ’ Z):'Z.?} = 2 A ==
( ___:_:_ g > ( I( ‘3 it ’]
b) The equation of the tangent line at the points P(3 8) and Q(8 3). \ "
£/(z)= 5.5 P(2,8) F(5l= S 3: -z

c) What is the relationship between the two tangent lines?

\

7) Calculate g'(1), where g(x) is the inverse of the function f (x) = x + € without solving for g(x).

y— ﬁ<x—8)+'5

x J& | @)= g
0 1 0.7

1 14 >
2 2.8

3 55 -

VEEE Ral

Mo
e ° S
55 _ AL
T 2
)= 2%
£ =(n) ZKLM

£12)= 221u1=810Y

5’(xl'@ i 1(%)""3(4\7@‘ =%
\ l(z)" 8\07*

®) ) =x+e =\ —* g(1) =0 N
=0 O‘P/OL)"H‘t @a/(,)-
= )= FUOY= I F1= 2 Seciprty

8) Calculate g'(x), where g(x) is the inverse of the function f (x) = 41 without solving for g(x). -

Hx) = x>+l 7 g&)= ,C"(z

7 - 9 -
'f’ ( X)= %7( w 5 (:L)

9) Letf(x)=— x +x—1. Assume that f(x) is one-to-one.

. What is the value of £ }(x) when x = 3?
s Sewe f(x)=3= x X
b. Find the slope of the tangent line to the curve y =f"'(x) atx = 3.

“Y g 8
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Kevs to Properly Solving Derivative of an Inverse Problems:

e First, identify the point (a, b) on the function f using whatever information is given.
e Differentiate f.
e Take the reciprocal of the derivative of . This is the derivative of /.

e Evaluate the derivative of /! at the point (, a).

Practice:

Given the following values for differentiable functions fand g. 3 ( %)
()

x fl s g g
1 2 Y = 5
2 3 1 0 4
3 4 2 3
4 6 5 3 v
(2= (f.e %) sn )  F2Y=2Z
a. Ifh(x)= fl(x),whatlsh(4)‘7 “,) on Wl -5 W)= = L
. | | F’(a) =
b. If h(x)=f"(x), what is h'(ﬁ? =2 (y,2) onFx) pA1D= Y4 :
(2,V) on hik) “(2) = L T % A
2 = L )
' 9(9);'5 (1) = 301(\) %
c. Ifdex)=g'(x), whatis d'(- 3)9 ([~3) on gl g (1= ‘
EB 1) on W) — m 5»;,;-; E

And these are not exactly on derivatives of inverses, but they are good practice nonetheless

p———

. I p(x) = gXx), what is P'(3)? P/ (x) = Z(E)GL»L- 3[66) {(53 2’(‘3(2’35 o (CR
= 2)(®)=\Z
e. tb=f-gwhatis’2? Y=Ha+f.a - ' (@) =F(@\9D)+£ (2)9(2)
, 9 9 =) @?_\,- (3)@—})2 o+r\L=\1
f Ifn(x)=f(x3),whatisn’(l)?V)ICX): jl’(x’ﬂ) ('b}(”) . ﬂ/(\\ ,97(\1") (5(\31.)
£ £ (N (5)
= (L){B =







