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AP Calculus AB— Unit 6 Motion with Integrals: ;
Position — Velocity — Acceleration — Speed — Total Distance — Displacement Mﬁ*{s

LT: I can read and inferpret an integral defined function.

Nuwber \nve cnedaqsis:
X /

’5: = 3 L) o

(3,-3)°

Graph of f

5. Let f be the continuous function defined on [-4, 3]. The graph of 1 consists of two quarter circles and one
line segment as shown in the figure above. Let g be the function given by g(x)= }: f()dr.

(a) Find the values of g(-3), g(1) and g(3).

-3 .' | 3
g(-s}mlgﬁi‘l‘t g(l)=w 2(3) #L@fk
o ST &, 3 =&
m : i

(b) On what interval(s) is g(x) decreasing and concave up?

j(.\L) 'S deurenlding G/\.(—l—(l 3) (3 2) bl L= 3

36@\ IS concanve P o\ C,.u( o) b/c fFr= 3u>o

Ny c:Qecrec..Sug S contomre W dn (—‘-[ —=3)\
(c) Where does g have a local maximum value? Justify your answer.

Ghes o locak max w2 bre 9= f chingessins @ Q).

(d) Where does g have a local minimum value? Justify your answer.
S has oo local amunwwne afxz-2 b/c 9 =8 chenges signs @ +o@)

(e) Determine the x-coordinate of the point at which g has an absolute maximum on the interval 4 <x <3.
Justify your answer. pac ML be et local ek %= Z o ab endptE. x.—:*f/ -

e — — q —
G = mac =~ 4T 2 9(F) = [FAk)dk=7 7 (o§Pl=0
e ABSOWTE MAX  occws o-:\*x~ 34, Whar g(3%) =
(f) Fur -4 <x <3, find all values of x for which the graph of g has a point of znﬁectum Explain your
reasonin
: g has poss il inflechion P‘t's whe »
Flagt =0 wWedn never happens o (4.
fre g undebined  K2-B o x=©
o T B ak x= 73 fI2g" does welm drenye S

Yes TnE O ofF v=o bl ,P/tﬁll chemees  guuns.
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A particle moves along a straight line. For time, 0 <7 <5, the velocity of the particle is given by

6
v()=-2+ (t2 + Bt)g ~1*, and the position of the particle is given by s(¢). It is known that 5(0)=10.

1. Find all the values of ¢ on the interval 2 <z < 4, for which the speed of the particle is 2.

= \f(_-‘a V(;k“ = L.
\/' “\’L )\ %l 2 \21 or 5.\28
Y7’ - b= 241

2. Write an expression involving an integral that gives the position, s(¢). Use this expression to
find the position of the particle at time, 1 =5.

s(k) = 5(0) g j: v (k) db
s(s)= o + ﬁs v () o=
565“) = —9.2017

3. Find all times, #, on the interval 0 <¢ <5, at which the particle changes direction. Justify your
ASWEL. \r() =0 (@ 4= 055b 1 3,317 o 3,318

vik) dnonges sipns Fromn O & ot t= 0.5 ﬁ'{/_i—l
e s.,gns’fm @ o =331, P@ ‘
5 - e 'S dyyeckion o = 0.3k 1 3301
4. Is the speed of the particle increasing or decreasing at time, ¢t =47? Justify your answer.

v("ﬂ‘= 475 or —\l.HT7G <0
m(l‘n e V/(L(')s —272,295 o —22-29C 20

LS

5. When is the particle furthest from the origin on the time interval 0<7 <5? Show the work that
leads to your answer.

A
S(e)=\0 Sl P
s(0.s36)= SC) « (. vk dET 9.4015

e ’
s(2.211) = 3(0) + f:'B” i b= 2003
s(%)= 30) *‘(g«@c)w: 8.0 TS

. - =53\ .
Frrthest— Frno— FHre ovtigane A= e :‘i—r—?————;

e 1S
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Question 2

A particle moves along a straight line. For 0 < ¢ < 5, the velocity of the particle is given by

W) =-2+ (t2 + 3t)6/5 —#*, and the position of the particle is given by s(¢). It is known that s(0) = 10.

(a) Find all values of ¢ in the interval 2 < ¢ < 4 for which the speed of the particle is 2.

(b) Write an expression involving an integral that gives the position s(#). Use this expression to find the

(©)
@

position of the particle at time ¢ = 5.

Find all times ¢ in the interval 0 < ¢ < 5 at which the particle changes direction. Justify your answer.

Is the speed of the particle increasing or decreasing at time ¢ = 4 ? Give a reason for your answer.

(@)

(b)

©

@

Solve |v(t)| =2 on 2 <t < 4.
t =3.128 (or 3.127) and ¢ = 3.473

s(t) =10+ j(;v(x) dx

s(5) =10 + josv(x) dx = —9.207

v(t) = 0 when ¢ = 0.536033, 3.317756

v(t) changes sign from negative to positive at time ¢ = 0.536033.
v(t) changes sign from positive to negative at time # = 3.317756.

Therefore, the particle changes direction at time ¢ = 0.536 and
time ¢ = 3.318 (or 3.317).

W(4) = —11.475758 < 0, a(4) = v/(4) = -22.295714 < 0

The speed is increasing at time ¢ = 4 because velocity and
acceleration have the same sign.

© 2013 The College Board.

5 1 : considers |v(?)| = 2
" | 1:answer

[ 1:s(2)
2'{1:s(5)

3 1: considers v(¢) = 0
" | 2 : answers with justification

2 : conclusion with reason

Visit the College Board on the Web: www.collegeboard.org.
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Graph of 17

4. Let f be a function defined on the closed interval =5 € x < 5 with{ f(1) = 3.)The graph of f, the derivative
of f, consists of two semicircles and two line segments, as shown above.

(8) For -5 < x < 5, find all values x at which f has a relative maximum. Justify your answer.
S(/(;(\:T) oA K:—%ltlb(
- ,{l Ve S

£ tnoneps s38ms B do O o %= -BL %
- relakice mudyinon~ of 3= -1 4.

(b) For =5 < x < 5, find all values x at which the graph of f has a point of inflection. Justify your answer.
. ¥y
Kg welk W WA F‘(/C,C/Hh pdnts W C@"’Jw\%eg S%\As Whe iChn
oceNs  wher~— *F/ WS Fovan w’;oncas(?ﬁ —}-ode,c(‘cu&r% ove
M%W “+o Cﬂmw\f) ‘%s(»(/u.g @couf‘sod"')\(:—“(‘/—(lL‘

. {¢) Find all intervals on which the graph of f is concave up and also has positive slope. Explain your reasoning.
F ¢ concare VP endl has 'pén{:wa 5lyae
o 1S mereesidy  and— £ is pes e
Whidh occus  on (’ 5, "4) ) (\,L)V.

(d) Find the absolute minimum value of f(x) over the closed interval -5 < x < 5. Explain your reasoning.
PSS e eceut af el MmN s o =) uﬂ‘/\fwx rpohm_.y_g S~ O D)
aC at endpoints x-= e =3 ‘

£-5) = £O) + [[TH0dxe= Bpea-T = B+ ;: G375 3
F(B)= F)r [ =2+ 3= =55>3
F(D= L) ¢ (M FGde=34+0°3

us” .
e s ABS wn 5 £() =2 on 5157
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Question 4

Let f be a function defined on the closed interval -5 < x < 5 ¥y
with f(1) = 3. The graph of f’, the derivative of £, consists

of two semicircles and two line segments, as shown above. 2t
(a) For -5 < x < 5, find all values x at which f has a m T

relative maximum. Justify your answer. A ¢ e -

. X -4 g - O 2 3 ‘\5

(b) For -5 < x < 5, find all values x at which the graph of f ~14 N
has a point of inflection. Justify your answer. 51 G:=D

(c) Find all intervals on which the graph of f is concave up
and also has positive slope. Explain your reasoning. Graph of

(d) Find the absolute minimum value of f(x) over the closed interval —5 < x < 5. Explain your reasoning.

@ f(x)=0atx=-3 1,4 5. { 1 : x-values
f' changes from positive to negative at -3 and 4. '
Thus, f has a relative maximum at x = -3 and at x = 4.

1 : justification

(b) f' changes from increasing to decreasing, or vice versa, at 5 { 1 : x-values
x = —4, —1, and 2. Thus, the graph of f has points of " | 1:justification
inflection when x = -4, —1, and 2.

(c) The graph of f is concave up with positive slope where f’ oy { 1 : intervals
is increasing and positive: -5 <x <-4 and 1 <x < 2. " { 1: explanation
(d) Candidates for the absolute minimum are where 7’ 1 : identifies x =1 as a candidate
changes from negative to positive (at x = 1) and at the 3 : 4 1:considers endpoints
endpoints (x = -5, 5). 1 : value and explanation
-5
£(=5) =3+j1 f’(x)dx=3-—%+2n‘ >3
fy=3 i

_ > —343:2_1
FG)=3+[ flx)de=3+22-2
The absolute minimum value of f on [-5, 5] is f(1) = 3.

>3

© 2007 The College Board. All rights reserved.
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V) = s (€°)

2. A particle moves along the x-axis so that its velocity v at time 7 = 0 is given by (1) = ﬁn{ﬁ}* The graph of v
is shown above for 0 < ¢ < Y5z, The position of the particle at time ¢ is x{f) and its position at time = 0 is

(a) Find the acceleration of the particle at time £ = 3. o s T
¢ ’_ T _c
a(2)=v(e)= z& C”Cbi)\e-,g = ces = ~5.46C o ~S e

(b) Find the total distance traveled by the particle fromtime r =0 to t = 3.
v(eyzo — A=\T72 6= 2.506

, 1, _ - &
6418 | 5: bl L"S\\,w\k_\- je Ve&lde = 1107 = Tord ddtece

X oo 2 [ Tote)r Dstorce = J;'ﬁ \\I(‘q\k: (7072
(¢) Find the position of the particle at time 7 = 3.
-}
X(3)= x(o)+ (2 v(ldE
2Rl 5 4 TTBD0. o5
w(3)= 5115 =° =i b

(d) For 0 < t < 5z, find the time 7 at which the particle is farthest to the right. Explain your answer.
Tha ""“’M“ﬂ‘f‘*é‘\COaP‘)»-@,t'mz) ,
= g oo (B¢ = (2 206 2-064) bre v(t) 20 .
on (O,S—?r) (3. S“f‘l %) F_jfg
So Hoe G;e.rhubc, WAk e Flurtes— mz(\}— ot t-l’l"lL 0. 2.0k ov {5

ST — e Eww*“r‘?f”
glare 5% [ Sl S5 b eatai (R ol

X ()= B+ [5wl(daeTo. 882 riger2
¥ (5g )= ’5*‘f°ﬁ @MVS’PSZ%
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Question 2

A particle moves along the x-axis so that its velocity v at time vit)

t 20 is given by v(¢) = sin(tz). The graph of v is shown above

for 0 < ¢ < 57. The position of the particle at time # is x(¢) and
its position at time ¢ = 0 is x(0) = 5.

(a) Find the acceleration of the particle at time ¢ = 3.

(b) Find the total distance traveled by the particle from time ¢ = 0 H Vsz
to £ =3. ‘
(c) Find the position of the particle at time ¢ = 3. -1t
(d) For 0 <t <57, find the time ¢ at which the particle
is farthest to the right. Explain your answer.
(@ a(3) =v'(3) = 6¢cos9 = —5.466 or —5.467 1:a(3)
3
(b) Distance = J.Oiv(t)| dt =1.702 5. [1:setup
OR 1 : answer
For 0 <t <3, v(t) =0 when t = vz =1.77245 and
t =27 =2.50663
x(0)=5 ’
7
(Jz)=5+] , V() di = 589483
2z
*(\2z) =5+ [ v(t) dr = 5.43041
3
x(3) =5+ jo w(t) dt = 5.77356
|x(V7) = x(0)| + | x(v27) — x(N7)| + | x(3) — x(v27 )| = 1.702
, 1 : integrand
© x(3)=5+ JM(#)dt = 5773 or 5.774 3: 1:uses x(0) =5
1 : answer
(d) The particle’s rightmost position occurs at time ¢ = V7 =1.772. 1:setsw(t) =0

The particle changes from moving right to moving left at those times # for
which v(¢) = 0 with v(¢) changing from positive to negative, namely at

t =r, Bz, 5z (t =1.772,3.070,3.963).
T
Using x(T) =5+ J- o v(t) dt, the particle’s positions at the times it

changes from rightward to leftward movement are:
T: 0 Yz Bz 5z
xT): 5 5895 5788 5.752

The particle is farthest to the right when T = V7.

© 2007 The College Board. All rights reserved.

~3:4 1:answer

1 : reason
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