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AP Calculus AB— Unit 6 Motion with Integrals: %b/ P y \
Position — Velocity — Acceleration — Speed — Total Distance — Displacement

Motion with Integrals
Worksheet 4: What you need to know about Motion along the x-axis (Part 2)

1. Speed is the absolute value of V&t occky

2. If the velocity and acceleration have the P2 At sign (either both positive or both

negative), then speed is \hereas ng

3. Ifthe velocity and acceleration have the oPposike sign (one positive and one

negative), then speed is decreasing

There are three ways to use an integral in the study of motion that are easily confused. Watch out!

4. .f v(t)dt is an indefinde integral. It will give you an expression for
A constottol mtegratiya
Posvon at time t. Don’t forget that you will havea _t < , the

value of which can be determined if you know a position value at a particular time.

12

5. fv(t) dtisa dehnte integral and so the answer will be a nuniee,

11
The numerical value represents the change in ___ P &8 thon over the time

Interval from by to_ tr . By the Fundamental Theorem of Calculus, since

v(t)==x'(t) , the integral will yield x(#2)-x(#1). This is also known as displacement. The

answer can be positive or negative depending on if the particle lands to the right™  orto

the _leH  ofits original ALY position.
12
6. _”v(t)| dt is another example of a Cefrnite integral and so the answer will be a
‘tfl‘w“b" . The numerical value represents the _ t2tal distonee traveled by
the particle over the time interval from A to_ T2 . The answer should always
- Poscive or zers

e
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AP Calculus AB— Unit 6 Motion with Integrals: :
Position — Velocity — Acceleration — Speed — Total Distance — Displacement

More Reasoning with Tabular Data & 5 g -2
, , /\ P S 4 S
4. The rate at which water is being pumped into | ; (mm) 0 4 9 17 20
a tank is given by the continuous, increasing

function, R (t) . A table of selected valued of R (.t ) (gal / min) A ) 2| 3

— | e ] T |

R (t) , Tor the time interval 0 <7 < 20 minutes, is shown above.

20
a. Use aright Riemann sum with four subintervals to approximate the value of j R (t)dt .

0

Is your approximation greater of less than the true value? Give a reason for your answer.
= ~ 4(28) +5(33) + §(42) +3(46) =15\
(Zewdb FT

19| ¢S on orereshimotre b/e R (s InCreas\iy .

b. A model for the rate at which the water is being pumped into the tank is given by the function:
W(t) =25 where ¢ is measured in minutes and W (t) , is measures in gallons per minute. Use the

model to find the average rate at which water is being pumped into the tank from time t =0 to =20

minutes.
‘ AYZ" w(Elde = D4 .25V 3“1/141.'/\
-0 o

1) [9eh\ (e
Gt (B (= ey = 61509

\) \9:4(0«3

20

c. The tank contained 100 gallons of water at time # = O minutes. Use the model in part (b) to find the amount
of water in the tank at ¢ = 20 minutes.

\ = T(o) 4+ (™ wltyde = (o0 + L8 .099 = 78S. 099
T(20) = T (0) jo o i e B

ol o
T () = gallons of Woder ] : - 1k ~
| (.Q 3m Hro_Tamc @ time . 4 . z_'bm\f' = Zomun,
i
5. Car A has a positive velocity ¥, (¢)as it F o) 5 "2 rs 17 io

travels on'a stra.lght roz.id, where r/A is m.easure.:d in v, ( t) ( fil Sec) 0 9 36 61 115
(feet/sec) is a differentiable function of time #in
(seconds). The velocity over the time interval 0 < ¢ <10 seconds is shown inthe table above.

a. Use the data in the table to approximate the acceleration of Car A at ¢ =8 seconds. Indicate units of
measure. CL,UC)’; v(ie)-v(1) - S - :5_:‘- e &

-

\O =" to—"1 3 Sec™

b. Use data from the table to approximate the distance traveled by Car A over the interval

0 <7 <10 seconds by using a trapezoidal sum with four subintervals. Show the computations that lead to
your answer and indicate units of measure.

o] de = 5 (@) (0s) + £(3) (ar3e) + £ (2) (ertl) + £(3)(¢1 +u9)
= 1A 0. ThEvebe & da Page 2
Totad_ distonce Aruncdoed \0-7 Car i on time inirened 6 +o 10 seeonds.

¢) conhived on nexA—pege .. .
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AP Calculus AB— Unit 6 Motion with Integrals:

Position — Velocity — Acceleration — Speed — Total Distance — Displacement

~(#5 - continued)

¢. Car B travels along the same road with an acceleration of a; (t) =2t+2 ( Jt/ secz). Attime
¢ =3 seconds, the velocity of Car B is 11 ft/sec. Which car is traveling faster at time # =7 seconds?
Explain your answer. ‘ V4
= n) = 89 fec
Ng(7)= W v [j2emide Val1) =01 f/sec 7 Ve ()
1 ooeer A s raatlhig fusrer

= L+ £* +2el,
' ot b =r]second s

: r — ~1 1
6. A particle moves along a 0 ) 4 6 ) 10 12
horizontal line with a positive k (Sec)
velocity v(t) , where is measured v(t) (cm / Sec) 37 ._1._7_ 5 ‘1_ 6 .,1__:7_ 38
in (cm/sec) is a differentiable

function of time #in (seconds). The velocity of the particle at selected times is given in the table above.

a. Based on the values in the table, what is the smallest number of times at which the velocity pf
the particle could equal 20 cm/sec in the open interval 0<# <12 seconds? Justify your answer.
VD s aconhinuvousfunchon. since A 1S dufbecendhiade ond Ae
T e mediote Vo we_ “Hoaoreme 5 wivuntees Hraot M Qerivass w,(auly
WL be 20 m/ge cut— Least— YWICE on e iniVads
(0,2) swee v(2) €20 < v(e)
4 ([OJ\’L) Since V(\o) < 20 & VC“") ¢ .
b. Based on the values in the table, what is the smallest number of times at which the acceleration
of the particle could equal zero in the open interval 0 <7 <12seconds? Justify your answer.
alky= 0 ot Least onee  on (0,11) ble (&) s decreadiiy on (o]
ond inortasiny  on (1) o ale) =vi(v MuStUnenge sgns Troom @ to@®)
for some £€(0,2). Aso N(O) =V(V) = O = olb)=e on (OYF)

O = . ’
loetrwee~ ‘he( z, 10) \oy%»mmwwww sce (k) S

Genthhuovs oq (0, 10) & duPberehabl o (0,12),
c. Find the average acceleration of the particle over the time interval 8 <z <10seconds? Show
the computations that lead to your answer and indicate units of measure.
v(o) ~v(® - \1-w _ 1L om

— P

o- & "2 2  Tec-

[

d. Use a midpoint Riemann sum with three subintervals of equal length and values from the table
12 :

to approximate: J.v(z‘)dt . Show the computations that lead to your answer. Using correct units,

; ab=v

explain the meaning of this definite integral in terms of the particle’s motion.

[rvde = o (1) = (Home
o~ ool
Zec A T\ g Mo tele 1
- T e s (;;T,L s
Sturbre, poshon e~ fmwa— C=0,
.?.P,'sé,w ofdre W‘\C‘l&, N
MO e ¥ N it
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AP Calculus AB— Unit 6 Motion with Integrals:
Position — Velocity — Acceleration — Speed — Total Distance — Displacement

Worksheet 5: Sample Practice Problems for the Topic of Motion. (Part 2)

Example 1 (graphical) s, RS ﬁ@ 2l | /]

MO0 K@ﬂ |

|y ()] =speek

W) /

The graph to the right shows the velocity v(r), of a particle

(3 %]

moving along the x-axis for 0 <#<11. It consists of a semi- /]

-
circle and two line segments. Use the graph and your knowledge ]’ \ E

of motion to answer the following questions.

1. Atwhattime # on 0 <7 <11is the speed of the particle -2 Nedle B L c'/
the greatest?

5p€,e&$ l\l(\f)\ is Cg"e‘df&r‘*} & X1/

fime £=% 6 \(

2. At which of the times ¢ =2, =6, or t =9 is the acceleration of the particle the greatest? Explain your

mswer. g (2) = v(2) =0 e & ntest o e €=
a(b) = v(6) IS ()23 -
o) = v@R)=D

3. Over what time intervals is the particle moving to the left? Explain your answer.

e parhde i€ MoV left= on (4, 10) bre v(E) <0

4. Over what time intervals is the speed of the particle decreasing? Explain your answer.
The 3()e,ed~ of Hea porble 1€ 'd/e,Cf‘C‘-\—SLIL‘S an {e<1,4)
ble. v(E)70 and v() decreasiniy S alt) =vi(t) ¢0 and—
on £€(2,0) ble v(Ey<o 1 v(A icreasing o alt)=v(t)70.
.5. Find the total distance traveled by the particle over the time interval 0 <7 <11.
gi“ lv(jc)\ott = 27 — (_-n,-ta)+\-§ = 29 + Qs
° Zh +1+l +1.S =

LA

’ 1
6. Find the value of j v(t)dt and explain the meaning of this integral in the context of the problem.

Pds’c‘/\\'%x:/ Qe e P C’Lﬂ "l(o.§3 weiks Yo Wa lefe of— s origened
/ 6W{\ﬁ5 pos ¥ Wt =B |

7. Ifattime ¢ =0, the particle’s initial position is x(0) =2, complete the equation for the position
of the particle at time r=11. -
x(i)=_x(0) & {o V(B dE

7 + (% —1es)
- 2w —\4.5

1\
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AP Calculus AB— Unit 6 Motion with Integrals: :
Position — Velocity — Acceleration — Speed — Total Distance — Displacement

Example 2 (analytical/graphical/calculator active) ré) \3‘2
A nr

The rate of change, in kilometers per hour, of the altitude of a hot air balloon is given by
r(t)=1 —4r* +6 for 0<t <4, where ¢ is measured in hours. Assume the balloon is initially at
ground level. A (0)=u

D

1. For wat values of ¢, 0<7<4, is the altitude of the balloon decreasing? Justify your answer.

(k) <0 : adohtudie. of—Ha vadloen (&
< t?”‘*bm*(é <0 v -n\‘gbe,c:a-s»mg on —e & (1.5'7’2,1'5.5“") hrs.
5\};‘:\,/\:6‘5 be (\.57 If%is’ ;D'%f“) ble <o
2. Find the values oI r*(2) and explain the meaning of the answer in the context of the problem.
Indicate units of measure. M e BT , e e of Chonge o~
(%) = LT RE Une ke oF onenge of Hae olbhtude oF
(Y= V2 -le Wre ladlon s decreasirg at o mo(’q%,_

i

= celirvnin of Hae oalloen 1§ —Hkem /et
q \<«|~\.«/th, O(IA((\}(/LQQH‘\.( \$ d—erem&f; ot o cule 0;— L{km\/h,.’-_
3. What is the altitude of the balloon when it is closest to the ground during the time interval,

221242 The ballon, WUk loe dotestro*ine gppund et =354 =(E]

heght 9 W(B) = h(9) + [Bele) de
D el LR = fple PP r(arde = o+ [ 34g0o1 = [ D48 km

4
4. Find the value of I r(t)dt and explain the meaning of the answer in the context of the problem.
0

—— (/— . (
Indicate units of measure. J(: D de= 2.0 km = ofed d’w‘ff’““ ahivete on

(o4} ha3
The ade oW oellovn ok £ W hows s Z.606T kem .
Sinoe e loalloon sturted o govnd Lavel Moo bollor at-hee.
e b, & 2066 km  akore o grmwnd..

5. Find the value of I lr (t)l dt and explain the meaning of the answer in the context of the
0

problem. Indicate units of measure. f: l V(«)‘ de= t l 62870l = l [.D28 k—VV\

e oekloon o “howedled o otal verHeal distince of [.SLE knn
sver Heehne idenved (0,4) Wrr.

6. What is the maximum altitude of the balloon during the time interval 0<¢r<47?
W r(k) dasnges  syns Fronn Po30nve o rugehie ot £= 1.SN=4
9&——- ot L =Y (vhm— rtrgm—-e,f\alfpoln#) H ballos~ oy
he o oo Mostimune ai:hﬂd:;u-ﬁ i
h(K) = h(151) = Wlo) + JUENES, e} ok = STT Yk

W) = @)+ [t clelde = 2.666 kn page
h(p) > h() -« meoumon sbtude of Hoe balloev 185779 k.,

ok e t= | 53 ha




AP Calculus AB— Unit 6 Motion with Integrals: Mﬁ'ﬂw KX//‘.{ F ‘Lo

Position — Velocity — Acceleration — Speed — Total Distance — Displacement

Example 3 (numerical) , s o ¢

: ‘e — n n —
The table gives the values for the time ¢ 0 2 6 10
velocity and acceleration of a particle | velocity v(r) ____2__. _3. -1 -8
moving al(?ng the x-axis for s.elected acceleration a(r) 0 1 3 -5
values of time ¢. Both velocity and

acceleration are differentiable functions of time #. The velocity is decreasing for all values of 7,
0<¢<10. Use the data in the table to answer the questions that follow.

1. Is there a time ¢ when the particle is at rest? Explain your answer.

Ves . \/e/lou*\f s dulFerentaol £ tercfute crhnvous SO e Trecmedrode

b guevcondees ~0 . Siice v)=3 Ev(e)=-
g pre— . fine wWheve  v(€) =0
\“CLMY/M}T"OD./ a Vulwe ofF ¥ on (z,6) Werne V(k)=O0.

2. At what time indicated in the table is the speed of the particle decreasing? Explain your answer.
The épe/eo‘» of e ch*ﬁoib 7S decreaswg ot time e e

ble vi2)y70 ¢ a() <0

3. Use a left Riemann sum to approximate j v(¢)dt. Show the computations that lead to your
0

answer. Explain the meaning of the definite integral in the context of the problem.

jh vidlde= 2(8) + 4(2) + "Jf(—l) & Thas defriire .vﬁ-c@fa-k
’ ~e Sents ‘hN. N dr\om.% a;‘hu, W&Spmcw Q means
MM ‘;whuu, s D uni hm r\%w\- m;-. ihs intHal posthan e)(\hnu:f (0,

4. TIs the approximation greater or less than the actual value of the definite integral? Explain you
reasoning. Geceunse e welo c/ﬁ'\,( & a decreas g FaunegNon
e 2 e 18 s greater Yo W

MWf\falwb“ o 1Q>Sé°\{(k\cbb; ‘l \E&

10
5. Approximate the value of “v (t)l dt using a trapezoidal approximation with 3-subintervals

0
indicated by the values in the table. Show the computations that lead to your answer. Explain the
meaning of the definite integral in the context of the problem. -+

fih \“(k’)l"l’b = p(”/) (6*5\ + ("“ (”-"H)“’ J-’L(‘*)(‘H +8) = B+ Qu 1= B4

10
6. Determine the value of j a(t)dr . Explain the meaning of the definite integral in the context of the
0

lem. Lo
problem jol, (L(,k) Cl/b:' \((l&')\ _ \/CB) = -f —5 ::E %MW

“Swren of-Calenlis,

510&[}(} A)G I3 \S M\L/ N c/‘/\k\%e, N e V‘E«(OC&:"\,’
6§ M purhiie over Haehine witeial (O/0) . Page 6
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AP Calculus AB— Unit 6 Motion with Integrals:

Position — Velocity — Acceleration — Speed — Total Distance — Displacement

FRQ nm oI %W‘ﬂ\ . Calculator Active
A particle moves along the y-axis so that it’s velocity, v(l‘) at time £ >0 is given by V(t) =]1—arctan (et) . At time

t =0, the particleisat y = —1.

1. Find the acceleration of the particle at £ =2. ’d,(vtb)) ‘ = =022 o —0.133> = c“—(.")
ov(_Z) Z A e
2. Isthe speed of the particle increasing or decreasing at time, £ = 2? Justify your answer.
V() = —0.42b4p & o1) = —0.122 <0
Sihce botm V(£) 20 ¢ D40 | gpeed $ nerensin.
3. Find thetime, £ =0 at which the particle reaches its highest point. J‘ustify your answer,
At i £t~ 0.44% v (<) ohw\%cs SL&-nS S @) +°®
So s(0.4%3) s a maxamiven

4. Find the position of the particle at time # = 2. Is the particle moving toward the origin or away from the origin
at £ =27 Justify your answer.

- Thha Derbhrie s +e i lrcf'!— o c"rlét'r\
5(7’) = 5(0) + ju VCh) dt - ﬁ;“f_ L=—o ond V(ﬁ/\ Z0 So e
s(2)> -1l — 0.56068 eﬂ"(‘hd"“-' L3 NW‘Q oway o e avigin
5(2) = —1.260 o« —l.3bl
FRQ - Motion Non-Calculator (V(,f)\ =
Use the graph of velocity v(t) in (m/sec) for a particle moving along the x-axis - TR (5@1&&&
on 0<¢ <6 to complete the following questions and suppose that x(O) =—1. as il s
2.5 ! ! :
a. Complete the table. T L T : ; : ?
% 1 2 2 T I\ Y SER R
X(k)=x(o) + [Fverde [t 1041121314516 A2\ A\
b. Make a horizontal motion graph | X(f) |[-1 |© |21 2| O|-2|-5] Rt
for the particle. 25 E \-‘,3, AN
;(o o < ;Z-S =¥ « 5 7/ . wy
€ =0 0——)‘*‘3 t 2 v ; 3
s % : TN
¢.  Use a colored pencil to draw the speed graph on 0<¢<6. o R
i b
d.  When is the particle moving left? |[Moving right? Justify. T ; A
Le (25,6) ble veo| 4e(s,25) ble VPO . e ERY

e. When is the particle speeding up? Slowing down? Justify

Q%ob,:b' y?o it, Yo en (O, 1D 5\"”\”;\5 ; V>0 % @alo on (‘2,, ’Z.'S)
s VLo 4640 on (2.5 3)(5,0) A
f.  Write an integral that represents the particles total distance traveled. Evaluate using correct units.

b ¢ ”
jo v(e,)[decz 1+ 35 4 \-795] = \l meders.
g. Write an equation using an integral that represents the position of the particle at time = 6sec. Evaluate & find

0 L(0)=X(6)+ (“(gde = -| + B5-TB= -5

h. If the particle the particles position is S(l‘) representing a height over time, not a position along the x-axis, then

draw the position function on the same graph as the velocity. Include accurate concavity behavior.

ste) eeve (o

e down (1,2) (5,6) Page 7
\m-eo{:/ \\(\OfMH\‘@ b Pv)

Vinear 6. de crensiiy (29)
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Position — Velocity — Acceleration — Speed — Total Distance — Displacement

AP Calculus AB— Unit 6 Motion with Integrals:

FRQ - Integral Defined Functions

Use the figure at the right, sketch the graph of these function

. F(x)=I F(1)de

o G(x)=[f(e)de

Complete the table for each function.

(9]
~
0o
(o]

X 0 1 1 2 | 3 14 |5
(

1. On what intervals are these functions

F(xJo| 5] -2|=\S| o | | | 0 |AS|-2|=5| |
Gl Lo L2324 ]o]Lt]

key o€

a. increasing? Justify. g b.  decreasing? Justify.
on (2,5) (87) (0,2) (5, ©)
s b F=F£ £0
bl P‘:,fc:i% e TEn
c. concave up? Justify. d. concave down? Justify.
b/ F'/=fis nereasny b/c r—/' ac"_li d“(‘ea—hr\\o,

L FY=fvo
2. For what values of x do each of these functions have

a. amaximum? Justify. b. aminimum? Justify.

x=S bl X=2,8 ble
Pl f chrengeS Sins(DH O
Gt = £ chunges 5&rS @ +0O

3. For what values of x do each of these functions have

pBS. ocemr ok et end otz o pefakies.

FIoF changes sgrs
G/ =& c)’vsv\.gas sns

=<0

c. point of inflection? Justify

Kot , C lof=

@ L ‘_
@@ o Fef, oef

o~

‘hc.‘od’md‘“){“q ‘

LF d&c_d‘ol?‘(—
ot x=>0.

C e A

“Rewmves © & eN\OPom’T

a.  an absolute maximum? Justify. b. an absolute minimum? Just|fy
PBS Mpke od PSS MU I

F2) =Jof)==% |¢(5) = |

Flo) = o He) dwe=o
Pla) = 2 £x) d = -1

chjj £ dieel
G(%)_{S\C(C)Ak =3

o e
I On

G(‘IA’IQFLC)J«&"O G(?,) =

g o8t oo i (552 3
Mf—wwex.

Gy s [PHe1de=T
@ = (FHede =g

Valves Flo) o FL4)
& G(o) 1 GA)
f‘me_c,%\r&y 2
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