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AP® CALCULUS AB

S SCORING GUIDELINES

Question 4

9. 6)

0

Let R be the region in the first quadrant bounded by the graph of y = 2+/x, the horizontal line y = 6, and the
y-axis, as shown in the figure above.

(@)
(®)

©

Find the area of R.

Write, but do not evaluate, an integral expression that gives the volume of the solid generated when R is

rotated about the horizontal line y = 7.

Region R is the base of a solid. For each y, where 0 < y < 6, the cross section of the solid taken

perpendicular to the y-axis is a rectangle whose height is 3 times the length of its base in region R. Write,
but do not evaluate, an integral expression that gives the volume of the solid.

(a)

o)

(©)

x=9
=18

Area = .’.()9(6 —2Jx) dx = (6x - %x”z) »

Volume = 7[[09((7 - 2\[)?)2 —(7- 6)2) dx

Solving y = 24x for x yields x =

Vv
4

2 2 3
Each rectangular cross section has area [3%]@’ ] =T y4.

6
_ 3 4
Volume = fo T34 dy

@B The College Board.

1
3:41
1
3:{2
1

: integrand
: antiderivative
: answer

: integrand
: limits and constant

: integrand
: answer

Visit the College Board on the Web: www.collegeboard.com.
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Question 2

For 0 <t <3], the rate of change of the number of mosquitoes on Tropical Island at time ¢ days is
modeled by R(f) = 54t cos (é) mosquitoes per day. There are 1000 mosquitoes on Tropical Island at

time ¢ = 0. :

(a) Show that the number of mosqultoes is increasing at time ¢ = 6.

(b) Attime ¢ = 6, is the number of mosquitoes increasing at an increasing rate, or is the number of
mosquitoes increasing at a decreasing rate? Give a reason for your answer.

(¢} According to the model, how many mosquitoes will be on the istand at time ¢ = 31? Round your
answer to the nearest whole number.

(d) To the nearest whole number, what is the maximum number of mosquitoes for 0 < £ < 317 Show
the analysis that leads to your conclusion.

(a) Since R(6) = 4.438 > 0, the number of mosquitoesis { 1 :shows that R(6) > 0
increasing at ¢ = 6.

(b) R(6)=-1913
Since R'(6) < 0, the number of mosquitoes is
increasing at a decreasing rate at £ = 6.

5 { 1: considers R'(6)

1 : answer with reason

’ 31 5
(©) 1000+ [ R(r) dr = 964335 5. ) 1:integral
0 1 : answer
To the nearest whole number, there are 964 .
mosquitoes. - E
(d R(#)=0whent=0,t=257,0rt="75zx [ 2:absolute maximum value
S R(H)>0om0<t<257m 1 : integral
R(#)<0on 257 <t< 757w 1 : answer
R(t)y>0on 757 <t <31 4 : 3 2:analysis
The absolute maximum number of mosquitoes occurs 1 : computes interior
at t = 2.5z orat { = 31, critical points
) 1 : completes analysis

. 2.57% ’
wm+& R(?) dt =1039.357,

There are 964 mosquitoes at t = 31, so the maximum
number of mosquitoes is 1039, to the nearest whole
number.

’ Copyright GEll@by College Entrance Examination Board. All rights reserved.
Vlsﬁ apcentral.collegeboard.com (for AP professionals) and www.collegeboard.com/apstudents (for AP students and parents).
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AP® CALCULUS AB
‘-SCORING GUIDELINES (Form B)
Question 5

e .
(seconds) O 10§40 60
20 1001361 9 | 49
(meters)
) 20| 23|25 46

{meters per second)

Ben rides a unicyele back and forth along a straight east-west track. The twice-differentiable function B models
Ben’s position on the track, measured in meters from the western end of the track, at time #, measured in seconds
from the start of the ride. The table above gives values for B(¢) and Ben’s velocity, v(¢), measured in meters
per second, at selected times .

(a) Use the data in the ’cable to approximate Ben’s acceleration at time t =5 seconds Indicate units of measure.

(b) Using correct units, interpret the meaning of J'o |v(¢)| dt inthe context of this problem, Approximate

60
.{0 |v(?)| d¢ using a left Riemann sum with the subintervals indicated by the data in the table.

- () For 40 < 1 < 60, must there be a time ¢ when Ben’s velocity is 2 meters per second? Justify your answer.
- (d) A light is directly above the western end of the track. Ben rides so that at time #, the distance L(7) between

Ben and the light satisfies (L(t))2 =122 + (B(#))*. At what rate is the distance between Ben and the light
changing at time ¢ = 40 ?

(@ a(5)= M = —= = .03 meters / sec? ‘ ) 1 : answer

60 ‘ :
®) jﬂ [v(#)| d¢ is the total distance, in meters, that Ben rides over the 5 { 1 : meaning of integral
60-second interval ¢ = 0 to # = 60. 1 ; approximation

60
jo [v(£)] dt = 2.0-10 + 2.3(40 — 10) + 2.5(60 — 40) = 139 meters

(c) Because 3(623: fé40) - 492“6 9 = 2, the Mean Value Theorem 2:«{' 1 : difference quotient

1 : conclusion with justification

implies there is a time # 40 < ¢ < 60, such that () = 2.

(@ 2L()L'() =2B(H)B(r) : 1 : derivatives

r(a0) = 2O _ 9253 erers e i1 T ) =4

1:unitsin ia) or (b)

&, The College Board.
Visit the College Board on the Web: www_collegeboard.org.
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Questicn €
t ,
oy ] 0 15 | 25 | 30 35 | 50| 60
v(t) '
(ﬁ /sec)ﬂ -20 -30 —?0 -14 | ~10 0 10
ai®) :
: ( & /Secz) 1 5. 2 ‘ 1 2 4 2

A car travels on a straight track. During the time interval 0 < ¢ < 60 seconds, the car’s velocity v, measured in
feet per second, and acceleration @, measured in feet per second per second, are continuous functions. The table
above shows selected values of these functions.

. 60
(@) Using appropriate units, explain the meaning of _[30 {¥(#)| dt in terms of the car’s motion. Approximate

_[:)o! ¥{t)| @t using a trapezoidal approximation with the three subintervals determined by the table.

36
(b) Using appropriate units, explain the meaning of fo a(t) dt in terms of the car’s motion, Find the exact value

of f:ﬂa(r) dt.

(c) For 0 < ¢ < 60, must there be a time ¢ when (1) = -5 ? Justify your answer.
(d) For 0 < 7 < 60, must there be a time ¢ when a(#) = 0 ? Justify your answer.

@

j::] v(#)) dt is the distance in feet that the car travels

from ¢ = 30 secio ¢ = 60 sec.

: 60
Trapezoidal approximation for !30 [v()| at :

(®)

©

(d)

1, 1 1 -
= 3(14+10)5+ 2(10)(15) + 5 (10)(10) =185

I;oa(t) dt is the car’s change in velocity in ffsec from

t =0 secto ¢ = 30 sec. .
30 ',
jo a(t) dt = jo v(t) dt = v(30) - »(0)
= ~14 - (~20) = 6 fi/sec

Yes. Since v(35) = —10 < =5 < 0 = ¥(50), the IVT

guarantees a ¢ in (35, 50) so that v(z) = -5,

Yes. Since v(0) = v(25), the MVT éuarantees atin
(0, 25) so that a(7) =v'(z) = 0,

Units of ft in () and f/sec in (b)

9 {I : explanation
"1 1:value

2 { 1": explanation
"1 1:value

5. [1:¥(35) <=5 < v(50)
" | 1: Yes; refers to IVT or hypotheses

,. {1 : v(0) = ¥(25)
" {1 Yes; refers to MVT or hypotheses

1 : units in (a) and (b)

@Elirhe College Board. All rights reserved,
Visit apcentral collegeboard.com (for AP professionals) and www.collegeboard. com/apstudents {for AP students and parents).

7




Solutions to the differential equation

AP® CALCULUS AB

SR SCORING GUIDELINES

Question 6

d*y

dy

particular solution to the differential equation = = xy* with f(1) = 2.

dx

(a) Write an equation for the line tangent to the graph of y = f(x) at x =1.

D _ xp® also satisfy - =3 (1 + 3x2y2), Let y = f(x) bea

(b) Use the tangent line equation from part (a) to approximate f(1.1). Giventhat f(x) >0 for 1 < x <1.1, is
the approximation for f(1.1) greater than or less than f(1.1) ? Explain your reasoning.

©

Find the particular solution y = f(x) with initial condition f(1) = 2.

(@)

(®)

©

=8

7 dy
fQ)==
x|, 2

An equation of the tangent lineis y = 2+ 8(x —1).

f.1) =28

Since y = f(x) > 0 ontheinterval 1 £ x < 1.1,

4y _ *(1+3x%)%) > 0 on this interval

dxz =) y .

Thefefore on the interval 1 < x < 1.1, the line tangent to the

graph of y = f(x) at x =1 lies below the curve and the
approximation 2.8 is less than f(1.1).

D _ o
dx
1
JTdy=fxdx
y
1. x°
—E 7+C
_— =ﬁ+C:C=——5—
2.22 2 8
P =t
3_2
4
o)==t =B
V5 — 4x 2

GBI .c College Board.

2:{1:
1:

1
2:{
1

[P G G w—

L 11

'

answer

: approximation
: conclusion with explanation

: separation of variables
: antiderivatives

: constant of integration
: uses initial condition

: solves for y

Note: max 2/5 [1-1-0-0-0] if no

constant of integration

Note: 0/5 if no separation of variables

Visit the College Board on the Web: www.collegeboard.com.
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-SCORiNG GUIDELINES (Form B)

Question 6

Let f be the function satisfying f'(z) = =.{ f(z) for all real numbers z, where f(3) = 25.

(a) Find 7%(3).

(b) Write an expression for y = f(z) by solving the differential equation &y = z./§ with the initial

condition. f(3) = 25.

dz

(8) f'(z)= W+z-fz\7§—?~~JT+~

7(3) = .0

(b) ~—=dy =uzds
ny
2\/'-?;:'2-& +C

2«!‘——(3)2 +C; C‘——

sl U
=Tt

{1, UP_1,,, .
y—-—(4:z: +4)—-16(z +11)

2: f(z)
< —2 > product or
chain rule error

l:valueatz =3

: separates variables

< antideri\{ati*}e of dy term
: antiderivative of dz term
: constant of integration

: uses initial condition f(3) = 25

-t et ped e et

: solves for y

Note: max 3/6 [1-1-1-0-0-0] if no
constant of integration _
Note: 0/6 if no separation of variables

Copyright Q-y College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard.com.
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Question 6
Let g be the piecewise-linear function defined on [-27, 47] y

whose graph is given above, and let f(x) = g(x) - cos(i;—).

-
(a) Find I : Jf{(x) dx. Show the computations that lead to your
- :

answer. ( % ;
27
(b) Find all x-values in the open interval (—2z, 4z) for which f
has a critical point. ‘ ' + Graphof g
3x R ’ s . -
(c) Let A(x) = .[0 g(t) dt. Find X (—~—3—). 4 .
47 4z X . | 5 . .
(a) J f(xX)dx = j (g(x) - cos(—-)) dx ‘ {.1 : antiderivative
-2z -2z 2 . . 23
. 1: answer
% x=dr
: = 67% ~ [23111(-—)}
' 2 ¥==27
= 672

1+ lsin(l"i) for-2m<x <0
' ] " 1. {x 2 2 _
® (=g +pin(3) =1

e geleo(3)

.. (x S
...5 + —2-5111(5) forO0< x < 4drn 4: 1: g'(x)
) 1:x=0
f'(x) does not exist at x = 0. lix=x

For 27 <x <0, f'(x)=0.
For 0 < x < 4z, f'(x) =0 when x = 7.

'f has critical points at x = 0 and x = 7.

P H(x)
: answer

(©) F(x)=2g(3x)-3
h’(—-%’-) =3g(-7) =3zx

(98]
L —
— N

© @R he College Board.
Visit the College Board on.the Web: www.collegeboard.org.
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Question 4

The continuous function £ is defined on the interval —4 < x < 3.

The graph of f consists of two quarter circles and one line
segment, as shown in the figure above.

Let g(x) =2x+ K () dt.

{a) Find g(-3). Find g'(x) and evaluate g'(-3).

(b). Determine the x-coordinate of the point at which g has an
absolute maximum on the interval —4 < x £ 3.

Justify your answer.

(c) Find all values of x on the interval —4 < x < 3 for which

the graph of g has a point of inflection. Give a reason for
your answer.

. (d) Find the average rate of change of f on the interval

G,.-3)

Graph of f

—4 < x < 3. There is no point ¢, —4 < ¢ < 3, for which f'(c) is equal to that average rate of change.

Explain why this statement does not contradict the Mean Value Theorem.

@ 2(-3)=2(=3)+ [ f(ydr=—6-F
£(x) =2+ /()
g(3) =2+ f(-3)=2

() g'(x) =0 when A f{x) =~-2. This occurs at x = —i—
g’(x)>0for—4<x<—§— and g'(x) <0 for 5 <x < 3.

Therefore g has an absolute maximum at x =

SITVITRON

"~ (¢) g"(x) = f'(x) changes sign only at x = 0. Thus the graph
of g has a point of inflection at x = 0.

(d) The average rate of change of f on the interval -4 < x <3 is
fO=-f-4__2
3—(~4) T
To apply the Mean Value Theorem, / must be differentiable
at each point in the interval —4 < x < 3. However, f is not
differentiable at x = -3 and x = 0.

© @l e College Board.

[eey

1 8(=3)
: g'(x)
: g(-3)

—t el

1: considers g'(x) = 0
1 : identifies interior candidate
1 : answer with justification

1 : answer with reason -

Y

1 : average rate of change
1 : explanation

Visit the College Board on the Web: www.collegeboard.org.
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Question 1

For 0 < ¢ < 6, a particle is moving along the x-axis. The particle’s position, x(z), is not explicitly given.
The velocity of the particle is given by v(¢) = Zsin (é"/ 4) + 1. The acceleration of the particle is given by
a(t) = —%e’“cos(e’“) and x(0) = 2. |

(a) Is the speed of the particle increasing or decreasing at time ¢ =-5.5 ? Give a reason for your answer.

~ (b) Find the average velocity of the particle for the time period 0 < 7 < 6.

(c) Find the total distance traveled by the particle from time £ = 0 to # = 6.
(d) Por 0 < ¢ < 6, the particle changes direction exactly once. Find the position of the particle at that time.

() v(5.5) =-0.45337, a(5.5) = -1.35851 - 2 : conclusion with reason

The speed is increasing at time ¢ = 5.5, because velocity and
acceleration have the same sign.

: oo 1¢6 a | 1 :integral
®) Av’erage velocity = & jo w(t) dt =1.949 2 { § oicomss
- 6, - -{ 1:integral
= 7 = 2 25
(F:) Distance jolv( )| dt =12.573 , { 1 : answer
(d) v(t) =0 when ¢ = 5.19552. Let b = 5.19552. 1 : considers »(z) = 0
¥(?) changes sign from positive to negative at time ¢ = b. § 341 integral

b .
#(B) = 2+ [ ¥(1) df =14.134 or 14135 1 answer

© P he College Board.
Visit the College Board on the Web: www.collegeboard.org.
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Question 2

A 12,000-liter tank of water is filled to capacity. At time ¢ = 0, water begins to drain out of the tank at a rate
modeled by #(¢), measured in liters per hour, where 7 is given by the piecewise-defined function

600t
r(t) {m for0<t<5

1000¢%% forr>5
(a) Is r continuous at £ = 5 ? Show the work that leads to your answer.
(b) Find the average rate at which water is draining from the tank between time ¢ = 0-and time ¢ = 8 hours.
(¢) Find #'(3). Using correct units, explain the meaning of that value in the context of this problem. .

(d) Write, but do not solve, an equation involving an integral to find the time 4 when the amount of water in
the tank is 9000 liters.

(@) lim r(z‘) = lim (6002‘) 375 = }(5) 2 : conclusion with analysis
5~ t>s\E+3
lim 7(f) = Tim (1000e™"%) = 367.879

5% 5%

Because the lefi-hand and right-hand limits are not equal, » is not
continuous at ¢ = 5.

8 S R . s

® L rya =1 f SO0 gt + [ 10006 ay | 1 : infegrand

8Jo 8lJo#+3 5 ..

3:4 1:limits and constant
= 258.052 or 258.053 :
1 ¢ answer

© r'(3)=50 L. (170

The rate at which water is draining out of the tank at time 7=3 hoursis | * " | 1 meaning of #'(3)

increasing at 50 liters / hour?.

54 { 1 :integral

A
(@ 12,000 - [ #(¢y ar = 9000 1 : equation

© @l he College Board.
Visit the College Board on the Web: www.collegeboard.org.
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Oil is leaking from a pipeline on the surface of a lake and forms an oil stick whose volume increases at &

constant rate of 2000 cubic centimeters per minute. The oil slick takes the form of a right circular cylinder

with both its radius and height changing with time. (Note: The volume 7 of a right circular cylinder with

radius r and height 4 is given by ¥ = m*h.) . ,

(a) At the instant when the radius of the oil slick is. 100 centimeters and the height is 0.5 centimeter, the
radius is increasing at the rate of 2.5 centimeters per minute. At this instant, what is the rate of change
of the height of the oil slick with respect to time, in centimeters per minute?

(b) A recovery device arrives on the scene and begins removing oil. The rate at which oil is removed is

R(¢) = 400V cubic centimeters per minute, where ¢ is the time in minutes since the device began
working, Qil continues to leak at the rate of 2000 cubic centimeters per minute. Find the time ¢ when
the oil slick reaches its maximum volume. Justify your answer.

(¢) By the time the recovery device began removing oil, 60,000 cubic centimeters of oil had already
leaked. Write, but do not evaluate, an expression involving an integral that gives the volume of oil at
the time found in part (b).

(8) When 7 =100 cm and b = 0.5 em, < = 2000 em® /min 1: 9. = 2000 and -315-’-:2.5
and %‘( = 2.5 cm/min. ' " 2 : expression for %!:—
1: answer
@ edry . odh
ety
2000 = 272(100)(2.5)(0.5) + ;:4100)2%
2 = 0.038 or 0.039 cm /min
® 4 = 2000 - (), 50 Y. = 0 when R(1) = 2000. 1: R(f) = 2000
This occurs when ¢ = 25 minutes. 3 B : : a'msv;"er-
: justification
Since%>0for0<t<25and%<0fort>25, !

the oil slick reaches its maximum volume 25 minutes after the
device begins working. :

¥ e

(¢) The volume of oil, in cm?, in the slick at time ¢ = 25 minutes B { 1 : limits and initial condition
5 i
is given by 60,000 + j: (2000 — R(t)) dt. 1: integrand

© S The College Board. All rights reserved,
AP is a registered trademark of the College Bowrd,
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Cuestion 2

t _
(minutes) 01215 |9]10
H(x)
(degrees Celsius) 66 | 60 | 52 | 44 | 43

As a pot of tea cools, the temperature of the tea is modeled by a differentiable function H for 0 < £ < 10, where
time ¢ is measured in minutes and temperature H(¢) is measured in degrees Celsius. Values of H(z) at selected
values of time ¢ are shown in the table above.

(2) Use the data in the table to approximate the rate at which the temperature of the tea is changing at time
t = 3.5. Show the computations that lead to your answer.
- ' 10 ‘
(b) Using correct units, explain the meaning of -1—1(-)—]0 H(t) dt inthe context of this problem. Use a trapezoidal

10
sum with the four subintervals indicated by the table to estimate 1_10'-“0 H(z) dt.

10 - '
(c) Evaluate I H'(t) dt. Using correct units, explain the meaning of the expression in the context of this

problem.

(d) Attime ¢ = 0, biscuits with temperature 100°C were removed from an oven. The temperature of the
biscuits at time ¢ is modeled by a differentiable function B for which it is known that
B(t) = ~13.84¢"%17  Using the given models, at time # = 10, how much cooler are the biscuits than
the tea?

(@) H'(35) =~ fi——(—s—g—z—;—&l 1 : answer
= w = —2.666 or —2.667 degrees Celsius per minute
10 :
) —I}O— fo H(t) dt is the average temperature of the tea, in degrees Celsius, 1 : meaning of expression
over the 10 minutes. 3:7 1: trapezoidal e
o 1 : estimate
1 66 + 60 60 + 52 52+ 44 44 + 43
5k H(t)dt~T6(2 43 242 T )
=52.95 ‘ S
© j H'(f) dt = H(10) - H(0) = 43 - 66 = —23 a5 { 1 : value of integral
The temperature of the tea drops 23 degrees Celsius from time 7 = 0 to 1 : meaning of expression
time ¢ = 10 minutes.
; - 10 .
- (d) B(10) =100 + jﬂ B'(f) dt =34.18275; H(10) - B(10) = 8.817 : 1: integrand .
The biscuits are 8.817 degrees Celsius cooler than the tea. 314 Lruses B(0) =100
’ 1 : answer

© @B The College Board.
Visit the College Board on the Web: www.collegeboard.org.
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Question 6 -

z. | -15]|-10]—-05] 0 05 { 1.0 | 15
f(z) -1 —4 -6 | —7 —6 i -1
=) . =i —5 3. 0 3 5 7

Let f be a function that is differentiable for all real numbers. The table above gives the values of f and its
) derivative f’ for selected points z in the closed interval —~1.5 < z < 1.5. The second derivative of f has the
property that f”(z) >0 for —1.5 < z < 15.

15 : :
(a) Evaluate j; (3f'(z)+ 4)dz. Show the work that leads to your answer.

(b) Write an equation of the line tangent to the graph of f at the point where z = 1. Use this line to
a;fproximate the value of f(1.2). Is this approximation greater than or less than the actual value of f(1.2)?
Give a reason for your answer.

{¢) Find a positive real number r having the property that there must exist a value ¢ with 0 < ¢ < 0.5 and

f”(c) = r, Give a reason for your answer. _
2% —g—7 forz <0
d) Let g be the function given by g(z) =
@) e € v 9(z) 262 +z—7 forz > 0.
The graph of g passes through each of the points (:z:, f(a;)) given in the table above. Is it possible that f and

g are the same function? Give a reason for your answer.

@ f7(3f(@) +4)de = 3" fiayds + [Fads
 3f(a) + 4x§”‘ = (=1~ (=T)) + 4(1.5) = 24
]

[}

{ 1: antiderivative

i: answer

b =5(z—1)—4 .
®). v ( ) 1: tarigent line N

12~ 5(0.2) -4 =3 341 % t t line at o = 1.2
11: com n tangent line at ¢ = 1.
The approximation is less than f(1.2} because the cOmPpUes y of tanigent fne o

. i 1: answer with reason -
graph of fis concave up on the interval : ;

1<z <1.2, v
(¢) By the Mean Value Theorem there is a ¢cwith [ 1: reference to MVT for f’ (or differentiability
0 < ¢ < 0.5 such that : 2 of f')
) = 7'(0.5) = f'(0) _3=0_ s, _ 1 1: value of » for interval 0 < 2 < 0.5
050 0.5 .

{d) 111}31_ g'(z) = ﬁxgx_(tﬁx ~1)=-1

lim g'(z) = lim (4z+1) = +1 1: answers “no” with reference to
$—’0+ 20T :
9 ! n
Thus ¢’ is not continuous at z =.0, but f’ is = gorg
continuous at =0,80 f = g. 1: correct reason

OR
g"(z) = 4 for all z = 0,’but it was shown in pazt

(c) that f"(c) =6 for some ¢ = 0,s0 f = g.

Copyright QilllBby Colfege Enirance Examination Board. All rights reserved.
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