Chapter 11 Packet
11.1 & 11.2 What is a Differential Equation and What are Slope Fields

What is a differential equation? An equation that gives information about the rate of change of an unknown function is
called a differential equation; ie, it is an equation with a derivative in it. For example,

2
dy__x Y _100-y Y _3y_g x29Y o
dx y dt dx dx

A function that satisfies the differential equation is called a solution.

2

Example: Is y =e™" asolution to c(ljtzy—Z%—8y:0?

There are many types of differential equations. In this course, we will solve separable, first order differential
equations.

Definition A separable equation is a first-order differential equation in which the expression for dy can be
X
factored as a function of x times a function of y. In other words, it can be written in the form

%=mwuw
X

The name separable comes from the fact that the expression on the right side can be “separated” into a
function of x and a function of y. Equivalently, we could write

dy _9()
d< h(y) o h(y)dy=g(x)dx

so that all y’s are on one side of the equation and all x’s are on the other side. The differential can’t end up
in the denominator though!

Then we integrate both sides of the equation:

[ h(y)dy =] g(x)dx
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You sce below ten differential equations. Some of them are separable, and some are not. You do riot have to
solve any of them. For each one, classify it as separable or inseparable. Ifit is separable, separate it.

Example: ' = =y

Answer: Separable. % = zdr

o mm o o e e e e e wm o = e e e o e mm e e e e e e e e o e e et M mm mm mm w wm w ee em e e -

I.y’=\%
ly’:z-+y
" y’%'ln{my)”
,_]n::c-{—x
Y Iny 4y

5.4 = yesin-a:-l-mrw
b,y =In(z¥)
7.y = sin (z¥)
8.y =ysinz+zy

g, = YUY
: 2% — 3y

10 yy =2y — 204y —2

Are They Separable?
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Differential equations give you information about how the slope of some function family behaves at points on the
curve.

e The general solution is the family of curves.

e A particular solution satisfies some initial condition.

Slope Card Activity

L . i . . dy —x
Problem: Visualize solutions to the differential equation: d_y =—
Xy

1) Using the slope cards, find and draw small line segments for the
slope of solution curves at every grid point.

¢ What do the solution curves to this differential equation look like?

2) Sketch the particular solution for the initial condition, x = 1, y = 0 by finding the point on the slope field and going
in the direction of the tangent line, and repeat...

3) Sketch two more solutions to the differential equation on the slope field.

4) Describe the family of solutions to this differential equation.

5) Write an equation for this family of solution curves.

6) Differentiate your equation with respect to x.

7) Compare your differential equation to the given one.
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We can use graphical representations with slope field (direction field) to identify the unique solution.
The best way to understand slope fields is to draw some by hand. To do this, we draw small
segments of tangent lines at selected points. We can do this because a differentiable function is
locally linear at the point of tangency and can be approximated by its tangent line over small
intervals.

1. Given the differential equation g—y = X, at each grid point, calculate the value of the slope and
X

draw a short line segment representing that slope.

a. Given the initial condition f(0) = 0 sketch the particular solution.
b. Given the initial condition f(0) = -2 sketch the particular solution.

c. What family of functions seems to match the slope field?

2. This is what the slope field would look like if graphed by a computer/calculator:
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dy

dy 1

4. Given &zX+3,sketchtheslopefield. e am R m T Tw T

The solution curves are hiding in the slope field. Given one point of a particular solution curve, you
can sketch the graph from that point, in both directions, to see the graph of the solutions

Draw possible solution curves to the differential equations below going through each of
the given points. Be sure to label each one.
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To match the slope field with a particular equation, follow these guidelines:
1.

2.

~ 9Qab

If the slopes are the same along vertical lines, then the differential equation is only in terms of

If the slopes are the same along horizontal lines, then the differential equation is only in terms of

If the slope field has a combination of slopes horizontally and vertically, then the differential

equation is in terms of both
Find where the slopes should be 0 or undefined. These should stand out.

Think about whether slopes in a single quadrant should all be positive or all negative.
If you still can’t decide, choose a point, calculate the slope, and see if it matches.

Match the slope fields with their differential equations.

(A)

(C)
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Page 7

Match each slope field with the correct differential equation.

8.
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Match the following differential equations to their slope fields. Also. on each slope field, sketch the
solution curve satisfying the initial condition ¥(0) =1 for as much of the interval —4 < < 4 as fits
on the slope field.

dy dy : ay 1
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10.

11.

dy x'y+y’

The slope field for the differential equation — = will have vertical
4x+2y

segments when

(A)y =2x, only

(B) y =-2x, only

(C) y=—x*,only

(D) y =0, only

(E)y=0o0r y==x*
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Which statement is true about the solutions y(x), of a differential equation whose
slope field is shown above?

L. If »(0)>0 then lim y(x)~0.
[I. If =2 < y(0)< 0 then lim y(x)=-2.
[I1. If y(0) < -2 then lim y(x) ~-2.

(A) I only (B)ITonly (C)Hlonly (D)IlandllTonly (E)I II, and III
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12. Which choice represents the slope field for % =cosx?

(A) —sNNSN— A4 =N\ ~— (B) S = ~N N\~ 7S S~

— SN \NSN=s =N N\ - S L=~ N\ N/ S~
—NN NSNS NN — /L= ~NANNF S e~
— NN P e NGNS S S =~ N\ NF =N\
N N e A TP NN e B e NN

AL b AL s 2 NSNS
B N P P e G LSRR
— A o A T N N S NN
—NNN == AP NN NN — /s —=~N N\~
e T e N e NG
A NN o Al A NSNS NS S SIS N
—\\\\—-/t‘{/-\\\\— s s SN

P A S NGNS
~A S S~
P NN
S S~ N\
S g NN

©) (D)

(E)

2NN ) il NN e S
S NN S =N~ AN~/
//\\//~ﬁ ~/ AN\ —/
SN\ S~ N~ N\~
= NN SN~ AN\ —

Page 10



—— — — — — —

P S
o o i i P

i i i i

=2x-y

Slope field y'

13.

Which graph could be a solution of the differential equation that is shown above?
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Draw a slope field for each of the following differential equations.
dy dy

. —=x+1 2. —=12y
dx dx

y dy
3. —=x+y 4, —=12x
dx dx
- L] - . L] - L] - L] L] . L] - L]

dy - dy v

Todx Tdx x
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Below are six examples of slope fields. Match them with the correct differential

equation. Explain each choice.
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Match each slope field with the equation that the slope field could represent.
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The calculator drawn slope field for the differential equation j—‘ = x+ v is shown in
Ix

the figure below.
(a) Sketch the solution curve through the point (0, 1).

(b) Sketch the solution curve through the point (-3, 0).
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Draw possible solution curves to the differential equations below going through each of
the given points. Be sure to label each one.
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10.

Which graph could be a solution of the differential equation that is shown above?

®)

e e

(4)

)

(©

i
--id-iJilil.

- 4 =

XA TS

]

(E)

1%

Page 16



—r S ==
—rt s~
—r S ==
—rt sl =
—r ==
—rt s~
—rt S =

:{
1

—=SSNNNNS~
=SSN NNSN S
sm=SNSNSNNSNS~
sm=SSNNSNSN~
S =SNNNSNSNSS
sm=SNSNNSNSSNS~

VNSS === —

JANS~~~~~
/NSNS S~~~4
7/ VNSNS~

b 3o
—P S s m=N
—r ittt m=
—r ==
ot s~
—v =
R R TN
R Rt RN
—r S ——N

=SSN NSNSN~
sm=SNSNSNNNS-
e = SNNNNSS
m—SSNSNNNS -
== SSNNNNNS
R S NENENENE
P SENENENENEN

<

D SNNANSN -
P D NENENENEY

—_—————==~\
Q~~~~~~\|
~~~~~N\ 17/
~SSNNSNN\N\ |/~

-zl AVNSSNSNNSNSNNNN L /-
ezl ANNNNNNNN L 7o
—=c s/ T VNANNNNN | s e
e s/ NNVNNNN N s
e/ VNV s
e aaaiil IR EEaas
= L7 T TIT T 7 727>-8
e A B | O B B
A B I AR U A A
—e=s sl INNNNNN Vs
==/ PNNNNYNNN ] s
—~- /7 1T ANNNSNNNSNANNN [ /o m
7 I ANNSNSSNSSSNNN N/ 7o
/7 I NNSS~S~~~~~~\\//
ZINSS~~~=rm~~~~~\\/
INS~S~—====JJd—-—=-<~<~\
[ | R
>
+ >
— X |
1 ] I
> > X >
=] T | -

\Y}

X

R AR A A arayarerd AR A A arararerd
A AT A A A ays [ o VN A A A A e
/11NN
111NN
NN I
e
A W W WV VY WV VT O O O O
A W W W U W W W W WY N W W T W W WA
AV W U N U U U U AN Y T W W W U U
A e N e S U W U VRN
NN ~ — kY]
NN N N NN NN S NN
BN N N T N N N N NSNS

SNSSSSSSsSs~~ N
NNSSSSSSNNY
NSNS SSSSSNY
~NSNSSSS~S~~ Y
~NSSNSNSSS~~~ Y
NN~~~
N~~~ ~~~~~+

~~ e~~~

~~SNSNSNSNN N
~~~SNSNNNN N
~~~S~SNSNNN N
~~~SSNNNN N
~~S~SNSNNNN N
~~=SNSNSNNN
~~S~SSNNNNN
~~S~SSNNNNN
~~~SNSNSNNN N

S~~~ SSNSNNNN

NSSNSSSSSSS~
TISSSSSSS
SSNSSSSSSS
~NSNSSSSSS S~
NSNSSSSSS S~
NS SNSNSNSS~~~
N N

~~ e~~~ ~~~

////1////1/

NN N NN NNNNN

<<
it NN N NN
N Y
NSNS NSNNNNN
~NSNSNNSNNNANNN
NSNS NN NNN
NSNS SNNNNN
NSNS NSNNNNN
i NN N NN
NSNS SNSNNNNN

NSNS SNSNNN
[g\]
>
|
N
X

I
> X
oT|T

—
>
+
—

1
> X
T |

//,2’///7/1///

BT

PP A N Py
P e e
P N R N N Y
NSNS SSSSSSSYSSSSSSSSSS
NN NN NNNNNN

NNNNNNNNNANNNNNNNNANANN

\l

VI

\

S s < | g Ay
B e e e e e B
N
N N N
NN N SN SN SN SN SNSNNSSSSSNSSSSNSNS
NN NN NN NN NN NN NN NN
AN N N N N N WY I O N N N N MR N NN
A T L O S W U U W Y IV U O W W U WU
L W VWV W L W1 T W W W W W O
P T e e A | T I o B B R O |
T T T TET T TITr I T I3 TT TR
[ R S A T | O O RSO
L Y W W W VO W W W U W T O MR W
AT N O O N | AN N O N R WA NN
AR R R R R RN AN NN NN N NN
NN NN N NNNNNSNSNNNSNNNNANN
R N I N N
N N N N
~~~~~~~~~Yr~~~~~~~~
P A P
sl IANNNNNNN 7 r-
=7/ T VNNNSRNNN |/ 7-—
——=- /77 I NNNNNANNN | /-
——--c7/ I NNNNNANNN | /72—
——c-c7 7 LANNNNNNNDN | /-
==/ /7 IANNNYNNNN [ 2 —
——-7 /7 I NNNNNANNN | /77—
——--c7/ I NNNNNANNN |/ rr-
—— /70 PANNNNNNN [ 2 e
=7/ L ANNNNNNNN | /-
8 I +=\ N k]
——cczl0ANNNNNNNV S
——=-s7 /7 IANNNNNANNN |/ 7rr-
==/ /7 I NNNNNANNN | 77—
==L PNNNNYNNDN | s
——cc 7/ IANNANNNNNN [ /e
=7/ I VNNNNANNN | /77—
——=-7 /7 I NNNNNNNN | /-
——=-7/ I NNNN™NNNLN [ 77—
ez IANNNNNNNN -
-7/ I ANNNNNANNN | 77—
B Y NN N RN R Y
B b & SN N |
N N N NN N N N
~~~~~~~~~ySsNNNvv gy
NN NSNS SNSNSNN NNNANNL
~~~=~=~~~~SNN\MNN\\N VL2
NSSSSSSSNNNN\N\N VNV 122
SSSSSSSNNNNN\N\NV V2o
SSNSSNSNNANANAN\\N\\WN 1V V1t
SSSSSSNNANANAN\NVNV Vs
~~ ~\N\ VT 77 7<% N
~ssss\\\i1 sz 8
NNNNN\NN VNt
NNNNNN V4Nt rtrrrr e
A B B B R
N\\\N\V\ V[ V77 ANrrrvrrr—
AN T B B A D
\\N V1 /7777 A~
\ V1 1777 dearrecee e
V11777 Al -~

VAV AV A A A e P

X

IX

Vil

NN R R | N
S=SSSNAV LUV NSNS S S~
S=SSSNAVAV P EYNNSSS~
Rt NI N N N | I T W S N N
~~~~~aAVu b rvansSss~~
NN N | IR N NN
e T T T T T | T B O N
NN N N R B | B R R R N N
~=~~~aAVA Lt vySsSssS~~
S=~~SSNAVLV L EYNSNSS~S~
— i) VT T VNS ]
~=~~~3Vu g rrvaniss~+
S=>SSSNAV VP E VNSNS SS S~
—~=~SSANNVV PP YNSNSSS~S~
SSSSSNA VL RITEVNSNSS S S~
e T T T T | T B W N
S=SSSNANV VY NSNSSSS~
—~~SSSNAVAV PP YNSSS~S~
~==~SNAV VAN YVNNSSS~
N N E N R N
N N U T | T O W N N
AN N N N N | AN N N N N N NN
AN N N N AN N N N N NN
NN N N AN N N N N S NN
AN N N N N AN N N N NN
AN N N N N AN N N N NN
RN N N N N N N NN
NN N N AN N N N N N NN
AN N N N N AN N N N NN
NN N N AN N N N N S NN
R N N N N N N N NN
Y —~ — Y]
NN N NN NN N NN
NN N N AN N N N N S NN
AN N N N N AN N N N NN
NSNNNNNNNNNTUNNNNNNY
NN N N AN N N N N NN
AN N N N N AN N N N NN
AN N N N N AN N N N NN
RN N N N N N NN
AN NN N NN N NN N N NN N
AN N N S R N N N N NN
R VAN b | NERVANENENENENENEN
s/ /7771 PNV NNNNNNS
s s/ 70 1V VNNNNNSNS
s/ 0V VNNNNSNSNN
cos s 77V NNNNNNSNS
s/ 77 BLVNNNNSNS
sz 727711V VNNNNNSNS
s/ /77 10V VNN NNSNNN
s 27770 1V VNNNNSNNS
s s s /777 1 IV NV NNNNNSNS
o ] TV VN NS =~
R A N | RN NANENANENENENN]
sz /77 1V VNNNNNNS
s /777010 VNNNNNSS
\\\\\\\\\_q////////
sz /770 1V VNNNSNSNS
sz 777101V VNNNNNSNS
s/ 7701V VNNNNNSS
crrrrs 77/ 1 IRY NN NSNS
PV I | EURNENANENENENENEN
sz 7701001V VNNNNNSS

Page 17



12.

13.

2 2
The slope field for the differential equation 4 =XVIVX il have horizontal

segments when

(A)x=0o0ry= 0, only

(B) y = —x, only
(C)y = -3x, only

(D)y =5, only

(E)x=0,ory=0,0ry=-x

P
S PP - -
VR PP
] 7 - -
//z-f/———-
S 7 e e - =
A e
-

dx 3x+y

VAR T 5 O s S
R VA ST
\ ol S K ol Y e Tl
CRCR L O SRl U
(J00 BE T 0 A T
R T8 I W
R 0 ke U N SO TN X
8s 30 Yo T T 8L S PR S

il P e
C i i P

V¥ o’ o o o
o gt g g g g P

[ e T P P Yt

N S
DN ON TN NS
L A e L e Vi W) e
Ll T Y, $1GH T R

The slope field for a differential equation % = f(y) is shown in the figure above.
Which statement is true about y{x)?

L If y(0) > 2 then limit y(x) ~2
iL. If 0 < y(0) <2 then lixﬂty(x)zz
1. If y(0) <2 then limit y(x)=2

(A) I only

(B) 1I only

(C)HdIonly (D)IandIlonly

(E) 1, 11 and 11T
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14. Which choice represents the slope field for dy/dx = sin x?
Note: All graphsarefor-4 <x<4and-4<y<4

B) N ) =%
N A =
N A =
N, o~ — r’:v'/"
N AT A =/
\ 222N\ ::&a =711
WY s A/

O == <E>,,¢mgm¢m
1= s
=, Ltz

2
‘ (/%11 * ! H *

15 The calculator drawn slope field for the differential equation % =y 1s shown in

the figure below. The solution curve passing through the point (0, 1) 1s also shown.
(a) Sketch the solution curve through the point (0, 2).

(b) Sketch the solution curve through the point (0, -1).

YW grl
|".".\y.l'.l'|
VAN S
S T
AV
I T Y W W
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@iy (0,1) @i (o, —1) @iD) (0,0)

(a) Sketch the solutions passing through the points
(b) From your sketch, writc down the equation 0

2. The slope ficld for the equation ¢’ = m(y — 1) is shown
in Figure 11,16,

f the

the differential equation.

solution with ¢(0) = 1. N
{¢) Check your solution to part (b) by substituting it into

BS
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Figure 11.16
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Figure 11,15
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1

|
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1. Sketch three solution curves for each of the slope ficlds
- in Figores 11.14 and 11.15,

Exercises and Problems for Section 11.2

Exercises

11-2 Homework Grids

B !
e b L LN
e e

o
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1
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jht
"l
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o e e

Figure 11.14

3. The slope field for the equation y'

A =
o e o]

LT T T T i N 1 i

F A e
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T T S B B _
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T B
N e Rt
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B
: % :
- 85 ¢
I
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2 @i
g %34
i m,mmw
ﬂwmmrmw
= 2 EZ B
] g =g dd
iz & 2 €

the differential equation.

Page 20



one?

(@ +y)/(@ —y).

6. One of the slope fields in Figure 11.20 has the equation
s

0.1P(10-P),

Figure 11.18,

L 15 1n

4, The slope field for the equation dP/d¢
for P = 0
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Hint: The answer to 3b on page 20 should be the equation of a line.



WHERE DOES A MATHEMATICIAN
PICK HIS DERIVATIVES?

Given a function f(x)
such that f'(x) =x—2,
An equation for f(x) is

= Lx2—
fx) = X=X+ 0 a sketch of line segments | f(x) = 12 _ ox 4 1

where c is any constant. tangent to f(x) ,
Y for different values of c. through the point (0, 1).

Match each derivative f'(x) with a graph of line segments tangent to possible functions f(x).

VUETLEAL

1) fi(x)=2x+2 2) f'(x) =x2 3) fix)=y ) fi(x)=x+y

5 f(x)=X o f(x)=-2% n fi(x)=e* 8 fi(x)=-sin(x)

Slope fields.

AR AR R NN SR

B i
PP, Ty
FrEEEEE?
ASS RN A RN
R NCICERE SN
B
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r[HHHRH O

o

RSN L
RN L]
7T\
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9) Which of the functions f(x) below would satisfy f'(x) = x2.

A. f(x)= Jx2+c G. f(x)=x3+c¢ 0. f(x) = X3 +¢ T. f(x)=3x3+c¢C

Match each derivative f'(x) with a graph of the function f(x) that passes through the given point.

1) () =15 (6,1) |11 '(X) =; (e, 1) |"? f'(Xeo= -2y;

Functions f(x).

-t e NS

Page 22




11.4 Differential EQ: Separate, Integrate & Solve

Steps in Solving Differential Equations

1. Separate the variables.

2. Integrate both sides of the equation. Be sure to include a constant integration on one side. Traditionally this is
included on the side of the independent variable since you will be solving for the dependent variable.

3. Ifan initial condition is included, substitute and solve for c.

4. Solve for the dependent variable.

Example 1: Solve the differential equation g—y - X (Fill in the reasons for each step)
Xy
SOLUTION STEPS: REASON
dy 2x
dx y Given
ydy = 2xdx
_[ ydy = j 2x dx

%yszC2 =x*+C,

1 2 2
—vy =x"+C
2y

y*=2x"+C

y=+2x*+C

This is a general solution to the differential equation because C is part of the solution.
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Example 2: Solve the differential equation g—y = xy that satisfies the initial condition y(0)=2.
X

(Fill in the reasons for each step)

SOLUTION STEPS: REASON

ﬂ =Xy Given
dx
d_y = Xdx
y

Iﬂ =dex
y

1
Inly|==x%*+c¢
yl=3

InZ:%(O)2+c

In2=c
In|y|:%x2+ln2
1.
e|n|y| _ e(zx +In2j
1
1yl =e(zxzj e
1,
y =+2e?
1.0
y = 2e?

This is a particular solution to the differential equation.
**** Make note of why the solution is the positive equation rather than the negative equation. ****

What would the initial condition have needed to be in order for the solution to be the negative equation?
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Example 3: Solve the equation dy _ (x-2)y?

dx

2
Example 4: Solve the differential equation dy__ e (1)

yY\WW) =7
dx 2y-+cosy

Example 5: Solve the differential equation y'= 1rx if x>0, y1)=-4
Xy
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6. AB73-37.
If %=4y and if y=4 when x=0, then y=
X

(A)  4e™ (B) ¥ (C) 3+e¥ (D) 4+e* (E) 2x°+4

7. AB93-33
If j—zzzyz and if y=—1 when x =1, thenwhen x=2y=

2 1 1 2
(A) -3 B -3 € 0 D) 3 € 3
8. AB93-42

A puppy weights 2.0 pounds at birth and 3.5 pounds two months later. If the weight of the puppy
during its first 6 months is increasing at a rate proportional to its weight, then how much will the
puppy weigh when it is 3 months old?

(A) 421bs. (B) 46lbs. (C) 48lbs (D)56lbs (E) 6.5Ibs
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9. Consider the differential equation % = L-xl- forall x=0.

x
x+C

equation and show that all solutions contain (0,0).

(a) Verify that y =

, x #—C is a general solution for the given differential

(b) Write an equation of the particular solution that contains the point (1, 2). and

find the value of % at (0,0) for this solution.

(c) Write an equation of the vertical and horizontal asymptotes of the particular
solution found in (b).

(d) The slope field for the given differential equation is provided. Sketch both
branches of the particular solution curve that passes through the point (1,2).
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10. Consider the differential equation dy/dx=6+y defined for all real numbers. The slope field
for this equation is shown below in the window -10<x<10by-12<y<2,

& 0 0 50 i o o
0N 0 S0 et 1 ol N 8 1
"#lh"':kli-z"' ‘lz”l‘ |a""'h
0 I N G s e o 0 O O O
B I 2 UG (O o N Y Y IO
i NG B A OV S e o 0 e T
A G A 0 Y o
ANl oA
\\\\\\—\1\\\\\\\
VANAA A B YN Y YA
S O T s S vk o 0 0 R T L R
L L s o Uk O 0 S G WA B VL TR T
I 9 B e A S I TS R O T
05 0 R o R U T (R R

(a) Find the general solution of the differential equation in terms of an arbitrary
constant C.

(b) Find the particular solution of the differential equation that meets the initial
condition that y = 0 when x = 0. Sketch this solution on the slope field.

(c) Find the particular solution of the differential equation that meets the initial
condition that y = - 8 when x = 0. Sketch this solution on the slope field.

(d) The slope field indicates that for some of the solutions iiﬂy:oo and for other
solutions Ei_g‘x’y=—oo. Determine the values of C for which li_xgy=cc. Show your
TEasoning.
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Additional Practice

Solve the differential equations subject to the prescribed initial condition.

2
1. ﬂzx_jl;le,yzl 2. g=2xy2;x:1,y:1
dx X dx
dy dy 1
3. —=XY; x=0,y=1 4, —= i x=lLy=-1
dx y y dx  x%Jy+1 y
5. ﬂzzy_m y(2)=5 6. ﬂ:xyz cos(x%); y(0) =1
dx dx

7. The graph of y = f (x) passes through the point (9, 4). Also, the line tangent to the graph at any point (X, y)
has the slope 3+/x . Find f.
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11.5 Growth and Decay
A reasonable differential equation expressing the change in population over time is

dP

o _kp
dt

The constant k is the exponential growth or decay constant. If k >0, the population in growing. If k<0,
the population is shrinking. If we solve this differential equation for P, we get

Pt
P

dpP
5" [kat
In|P| = kt+c
|P| — ekt+c
P =Ce"
If at t=0, the population is P,, we get P,=Ce"® so C=P, and P=P,e". (Remember PERT from

Precalculus?)

Example 1: The number of bacteria in a rapidly growing culture was estimated to be 10,000 at noon and
40000 after 2 hours. How many bacteria will there be at 5 pm?

Example 2: (Decay) Carbon 14 is radioactive and decays at a rate proportional to the amount present. Its
half-life is 5730 years. If 10 grams were present originally, how much will be left after 2000 years?
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Example 3: A colony of bacteria is grown under ideal conditions in a laboratory so that the population
increases exponentially with time. At the end of 3 hours there are 10,000 bacteria. At the end of 5 hours
there are 40,000 bacteria. How many bacteria were present initially?

Example 4. Pharmacologists have shown that penicillin leaves a person’s bloodstream at a rate proportional
to the amount present.

a. Express this statement as a differential equation.
b. Find the decay constant if 50 mg of penicillin remains in the bloodstream 7 hours after an

initial injection of 450 mg.

c. Under the hypothesis of (b), at what time was 200 mg of penicillin present?

Newton’s Law of Cooling

There is a differential equation that is closely related to the growth/decay equation. It is C:j_}t/ =k(y—b) wherekandb

are constants and k = 0. This differential equation describes a quantity y whose rate of change is proportional to the
difference (y — b). Solve this equation:
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The general solution to this differential equation is y(t) =b-+Ce".

The most common application that utilizes this differential equation is Newton’s Law of Cooling. Let y(t) be the
temperature of a hot object that is cooling off (or a cold object that is warming up) in an environment where the
ambient temperature is T, . Newton assumed that the rate of cooling is proportional to the temperature difference

y_To :

Example 1: Joe’s automobile engine runs at 100'C . On a day when the outside temperature is 21 C , he turns off
the ignition and notes that five minutes later, the engine has cooled to 70 C .

a. Determine the engine’s cooling constant K.

b. What is the formula for y(t) ?

c. When will the engine cool to 40 C?

Example 2: On Tuesday night, Ms. Ritz accidently left her computer in her car overnight. She was so worried the
next morning when she went outside and saw frost on her car she knew that her poor computer had froze out there all
night! Who would have ever thought; it had been 70 degrees the week before! Ms. Ritz brought the computer inside
the house which stays a constant 65° F room temperature. After 10 minutes, the computer warmed to 35° F. After
another 10 minutes, the temperature of the computer was 50° F. Use Newton’s Law of Heating and Cooling to
estimate the following:

a. What was the computer’s initial temperature?

b. When was the computer 63° F?

c. What was the temperature of the computer after 1 hour?
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