AP Calculus AB — Unit 5 — part 2 Chapter 6 Constructing Anti-Derivatives

The Fundamental Theorem of Calculus - The Integral Function — class exploration
(by Benita Albert — Oak Ridge High School — Oak Ridge, Tennessee) '
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The graph of the function y = f(¢) is shown. The function is defined for 0<#<4 and has the following

properties:

e The graph of f has odd symmetry around the
point (2, 0) .

e Ontheinterval 0<7 <2, the graphof fis
symmetric with respect to the line 7 =1.

1 4
o J;f(t)dt=§

4

y

3

) € () Behaior
1. Let F(x)=[f(t)ar
0
a. Complete the table. V
X 0 1 2 3
F{x) 3 4, 2 g/ 2, ‘7‘/\5
b. Plot the points from your table on the coordinate grid.

Before you sketch the curve consider what you know about

the behavior of the graph of F(x) based on the graph of

i (t) (Eg}iﬂor: increasing/decreasing and concavity.)

—r See thart-clksve
Now sketch the graph of F(x) :

Cl=£70> on (0,2) = F(4) 1s mwrenswy

Cle F<0 on (2.4) & PG B decrensding

g s anecessmy o0 (0,0 (B 2. FI=fl70

Piof s decreasiy an (L2 & Fr=flco ¢ F s

S F s concowve YP

>cave down .
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AP Calculus AB - Unit 5 — part 2 Chapter 6 Constructing Anti-Derivatives

2. et G(x)=[s(r)ar 3. Let H(x)=[f(r)at
2 4
a. Complete the table. a. Complete the table.
x 0 1 2 3 4 X 0 1 2 3 4
F) |-8-Ya]| O |-%| -4 F | 0 | Ve Fa| Yl o
b. Plot the points from your table on the b. Plot the points from your table on the
coordinate grid. Sketch the graph of G(x). coordinate grid. Sketch the graph of H (x).
4 i
SRME
. Bo M0 LA
s g{ T u,,««osg 3 / = .\
< [
Gk ¢ Hyk- ~
4 = 4 5 B Mk
{/\ a$ fv
£
R, F() N
| N
!
3 ”# o "“:
4. Complete the following table. F ( x) G( x) H( x)
The maximum value of the function X’; 3 Wt o R Y
occurs at what x-value?
Justify your conclusion using Calculus. p : o
MAX MU, ecovrs of X=T blc Fi=Ff Chan%cs‘ §igns posinve + negedwe .
The minimum value of the function : : »
occurs at what x-value? X=0,4 K= C)/"t X =0, il
Justify your conclusion using Calculus. ; . -
MINIMWWM oceurs a-X=oig ple F =f durges signs negoiwe ¥o  pos vt .

The function increases on what intervals :
of x7 (0,2) (0)2) (6,2)
Justify your conclusion using Calculus. .
Fo) (Qly) ¢ HOL)Y ae Nircafing on (6,0) Ye Fl=f »o
The function decreases on what :
intervals of x ? CZ‘ ) (’L;H ) <24 q)

Justify yoyr conclusion using Calculus.

i) (GH 4 KK are dewreas

Ing, ON (ZM) v/c F':«F <0

The function is concave Gp on what
intervals of x ?

CO} (>,'(~%/ q)

(O/l\, (%/‘—“ ‘

(o)), (3 +)

Justify your conclusion using Calculus.

Fl (ela s B

e Con

cave ve o (01, (3,4) Ylc F'=

Fisiae & F=f{>0.

The function is concave down on what
intervals of x?

(1,%)

(1,2)

(1,3)

conclusion us'Sng Calculus.

oe. conCont

down en (L») ble F/=F isdec o F'-f<

0.

[N
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AP Calculus AB — Unit 5 — part 2 Chapter 6 Constructing Anti-Derivatives

5. What conjectures would you make about the family of functions of the form W (x) = j ¥ (t) dt for
k

0<k<4,where f isthe graph giVen at the beginning of the worksheet?
o ML of \k—(&,&np!&; (~ Sl *Qmw'\/y offFonchonS  rowe_
e Come elounor  intenms of- ne/dec € c,cup/ccm
o Thoy wlk be vertical Lranslatins (Shft domn oc U(P)c) CHCT\)QW&
Foy) , SOV & HL
The Second Fundamental Theorem of Calculus “+o e 8“"@"‘5 of- ) J o gl g
Derivatives of Functions defined by Integrals — class exploration i, = e g(a@V)e&) n 2, <3,

In chapter 5, we learned The Fundamental Theorem of Calculus:

b
If a function is continuous on the interval from [a,5] and f = F', then j f(t)dt=F(b)-F(a).

#1-3: For each f (), evaluate F(x)= _‘- f(t)dt using the Fundamental Theorem of Calculus to find F'(x) in
1

terms of x.
la. f(1)=¢ 2a0. f(t)=4-7 3a. f(t)=cos(t)
F(x)= j‘t"’dt _ F(x)= j4t—— tdt | F(x)= ]icos(t) dt
1\ 4 x p 1 ” o ” 1 \ x
) z q-(; &l (e)= 2% - -5% \ ( Fx)= SLH.‘b\‘

s O Y ‘ w =
) = J‘T’X — ‘\E@ P(KP@KL’J;K)’('L"'@ F(}C): Sinx — s (l\
Fly= 20§ - 5

\

Next take the d;rivativ of each of the F (x) functions you foun}j in part 1a, 2a, and 3a above.

1. \r 2b. = V% 3b. N
Pl = X® +o Fly)- Y- X"+ |[Fby= Gsx +0
Plu=¢* R e R o E s
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AP Calculus AB — Unit 5 — part 2 Chapter 6 Constructing Anti-Derivatives

2

Let's reconsider #1-3 from above with a new definition: F (x)= j- f(t)dr.
1

Repeat the process. Use the Fundamental Theorem of Calculus to find F (x) interms of x.

e 7" 2. f()=4-r se. £()-1
F(x)= '1[ t dts | F(x)= ! 4t —t*dt o F(x)zsijx%dt
Fo= Lt ™ Fio- wr- g R

0 e n el |
=) J@(&ﬂ%)% - %f F&)Sésm"’){'%s&\‘s% '(2"§

, . 5
1 c2si K —53in X~ §

P()(.): \n (s{n)c) = (f\(?-)

Take the derivative of each of thé F

(x) functions you found in part 1c, 2c,

and 3c above.
1d. N 2d. 3
; 2, . \
F(@)> (six)ecosx ¥0 | /() =tfin x)eos. - Enn)= gosx F’@):gl__;(casx)
1
) < o el n X — = «CosK
Fly= sn )(1'@5)() CuF <4$r\>< Smx} T
' oIny,
In summary:

2" FTC 1: The Second Fundamental Theorem of Calculus part 1

If F(x)= J-f(t) dt where a isa constantand f is a continuous function,

then F'(x)=f(x).

2" FTC 2: The Second Fundamental Theorem of Calculus part 2
&(¥)

If F (x) = j f (t) dt where a isa constantand f is a continuous function, and g is a differentiable function

“ then F'(x)::f(g(x))-g'(x).

— e

B

Page 13



AP Calculus AB — Unit 5 — part 2 Chapter 6 Constructing Anti-Derivatives

Can you use the Second Fundamental Theorem of Calculus to find the following derivatives without going
through the process of anti-deriving and then deriving?

4a. F(x)=j7\/;dt 5a. F(x)=jtan(—z:)dt 6a. F(x)zj;\%dt
F(x)= "1 F(5)= tan () mi)=

AR

4. F(x)= | e . F(x)= | wn(t)d | 6 F(x)zTT\};dt

F'()= T gy o(se3) | F(9)= b (26459 (008 p)= 1. €
8(x) ‘ h(x) w(x) 1

de. F(x)= [ et 5b. F(x)= | tan(t)dt 6c. F(x)= [ —zdt

F'(x)= '7\%5@ 9 F(x)= i (w(x)) W] Fizy=)_ o w8

) At

5\/’;\7&'\

e

x o ,
Let H(x)zjtcos(t)dt for 0<x<2r. THoVUGHTS ...

2
Determine the critical number of H (x)

W)= >0 cos (%)
— : =)
T G = @ et i 0GR ABSIR TS, o
. X=%, )z', ‘
Determine which critical numbers correspond to a relative maximum value of H (x) Justify your answer.
) has o Rel Maxumu o~ x =T lo/c

) onge s siyrs Froon positve to Aegodwie |

Determine which critical numbers correspond to a relative minimum value of H (x) . Justify your answer.

H/(Y/) Chungee  S1Gns Fror~ rregate *e poSitve .
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§6.4 FTC Part II — More Practice

&(x)
Also note: If F(x)= _[ f(t)dt then F'(x)=

STATEMENT OF THE FUNDAMENTAL THEOREM OF CALCULUS PART II

If a function f is continuous on [a,b], then the function F(x) = If(t)dt has a derivative
at every point in (a,b) and F'(x) = gx—[jf(t) dt} = f(x)

d 8(x)
;,;{ g f(r)dr}f(g(x))-g'(x)

I fx)=| lxtzdt

then f'(x)=

e

Practice:

wo important things to keep in mind:
@ Always make the lower limit the constant and the upper limit the variable
- Multiple the answer plugged in by the derivative of the limit

I fe)=] ;‘2 Adt

then f'(x)=

Find the derivative of each of the following functions.

il

1. g(x)= j V1+48dt
-2

2. y=[(1+t)a

y/:0+)635

3. F(x)=j:3 dt

Fly= 3

4. F(x)=| :sint dt

F'l)-sinx

F(x):j:tanrdt
Fle — ((" tonkde
FIU )=+~

(6. F(x)=[*cos(t*)dt
Fi= = (X cosl de

Flx)= — cos(x?)

3x
7. F(x) =j2 2t dt

F )= 2(2x) -3 = 18X

8. Fo)=[""2tdt

F 00 = 2 G (s x) =i

9.  F(x)= j YOY.;
Fl)= £(x)

29

g(x)

10. Fx)=[*" fy e 1. hx)=["V1+rdt 2> y=[esin’dt
: y . Y= = fo sat@dw
FG= F9k))e g0 | W =TTea® (2¢) | (o _ o 30

1/x

h(x) = J‘ Inz dr

W)= In (J,—A F—;z—-,,

13.

@ gu)= I 1-_14,42 cost dt
ﬂcw) :.f”\\A‘(u. (I)S‘E‘&b

50 =05 (1-42) (-80)

—

+ 2a cos(|=4 )
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Curriculum Module: Calculus: Functions Defined by Integrals

2x
Let F(x)= J. f(¢)dt , where the graph of f on the
1

interval 0 <7 <6 is shown at the right, and the regions A
and B each have an area of 1.3.

a.

FO)= (T foyde = ~ §ifade=-13
F= (" fade= o123

Compute F(0) & F(1).

Determine F'(x) = J;(DL) e I
P)= 2 F(=z20)

Determine the critical numbers of F(x) on the interval 0<7<3 oc¢6 M@—@M
Flx) 2D :
25y =o0

- fzn =0
xe3nay o %63 5,28

Determine which critical numbers of F' (x) corresponds to a maximum

value of F'(x) on the

g

interval 0 <7 <3. Justify your answer.

“F—&«) has e celerre. MarARAwN a— X’/léd
ble Fl=f d/\m%&s Siyns  Fron posbve T negadhwe

A

Determine which critical numbers of F(x) corresponds to a minimum value of F(x) on the
interval 0 <7 <3. Justify your answer.

bl F'=f( chenge 8 S@f\g Grom negd—ﬁ&'\ﬁ ‘QOS.AWIA«
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