AP Calculus AB—Unit 6

NOTES \65'7’

§6.1 & §6.2 Anti:deri\@tives: érapllicallv. Numerically and Analytically

1. The graph of fis given in Figure 6.1. Please note that f = F". 1

a. What are the critical points of F(x)?
W El =0 Koy

b. Identify local :
B e ehenges gt @ 0 & ~ el max. 1/3
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fe)=F’
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c. Discuss concavity and points of inflection. .
=" £ is decreansg on (1,8) « £'=F’<0 €
5 contarve down—

-\é_i
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d. Sketch an accurate graph of F, the anti-derivative of . You are given that F(0) = 0. Fill in the chart

b
using the Fundamental Theorem of Calculus: J. f(x)dx=F(b)—F(a). Then sketch F.

X If (x)dx F@

0 .([f(X)dx =g

1 [ £ @ydx 0+ 1 -
Qﬁﬂz j:ac(w)obo oHuj,_%
\M%B (2o | OFIrgei=t
e 4 .,(: F)dx O"\*%’(%;-‘(;:Z

5 52%0]0&» Orltyatel Lo u(;

e. On the same axes, now
sketch F but given that F(0) = 1.

. 8/,/2\0\/\8 e " F(x)
X X L ; Ca 0 -1
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f. Repeat again but now F(0)=-1
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AP Calculus AB—Unit 6 )
2. Use the figure below and the fact that P = 2 when =0 to fmd values of Pwhent=1,2, 3, 4 and 5.

dP
dt X P(x)
1 % 0 2
AN 1 {
t 2 0
: 3 4 5 3 - %’
{ ) 4 0
-1 5 l

3. Estimate f(x) for x = 2, 4, 6, using the given values of f'(x) and the fact that £(0) = 50.

x 0 2 4 6 Fe)
fix) | 17 15 10 2 n%\
fi) |50 | 82 |01 ]12s s ™
' T
z -+
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) (99) 10 (%) :g(ma.)
2 25

4. A particle moves back and forth along the x-axis. The figure below (left one) approximates the veloc1ty of
the particle as a function of time. Positive velocities represent movement to the right and negative velocities
represent movement to the left. The particle starts at the point (5, 0). Graph the distance of the particle from the
origin, with distance measured in kilometers and time in hours (LABEL!!!).
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AP Calculus AB—Unit 6 ,
What is a function that has a derivative of 3x2?

A function is an antiderivative of / on an open interval I if F'(x)= f(x) forall x in I.

There is an entire family of antiderivatives for each derivative. The general antiderivative of 3x” is
x* +c. c is called the constant of integration.

We use the following symbols: I f x)dx =F (x)+ ¢ — ——> Constant of Integration

SN~

Integral - Variable of
Symbol ~ Imtegrand  yyieoration

Antiderivative

Basic Rules for constructing Antiderivatives Analytically:

1. Zero J' 0dex =c¢
2. Constant J-k dx=kx+C

4 xn+1
3. Power Rule J.xndx = +C

n+1
1

4. Natural Log J.—x—dx=IHIXl+C
5. Exponential fexdx =e' +C
6 General Rules [ 4 ()tx = k[ £ (x)dx

[(7(x)e()te=[ f (x)det [ () ds

Example: Find the following:

a) [x'dx = 3 xtac b) [x"ar =L yFre o [xdr =axre
| a L L e
X
o ) L
d) Ix%lx <=zl ‘:o e J‘—l;dx 1) J‘%/;dx:yx > dx
2 X _ - ,
f)(botx;’).% 2%,
= (7
™ e |
—_5(’1: +=C
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AP Calculus AB—Unit 6

9 [(2x® +1}ix | b [(-» i)'j(\/}—:}_;)dx
» | 4
23><4—x+<, Xz-jq,X*C JX —_x—y,_asx

it i Y <
i) [Vx(x? + 1) k) j(x +1)(x+2)dx D | \/§+T dr= | x Trd g T
W 4y %A %
1 3 V()(%—z,mq.;ub Ay 2_%525*— l><l e
’é‘('{""%’(‘”"' 4 [ g 7 3
9 %,( 4—73x B
- _ 2_ _ 2 -t ‘
)Iu—ﬂdx )I4x x32x de ).[2x\/x;+3dx_2 4__)(4,_(_.5)(4_0\)‘
-~ [}
Sx %+ ¥ O¥ g‘-b(?’*B -5x A 4>(k_,2><%‘+ 4 a1
-\ s -—
+C 3 5
J_x _};/)( k\f\\ \ 5(.‘* 3% 49 % +C
5(,"( - *'52—\—@
n) dex - L+ 0) ijdx =Uxtic P) j'8x2dx %)47’4-(_
Q) [8x'dx = 2t e r) [nxds =T e 9 j-eg—dx - -‘ée"-rt
t) j(3x+x2)dx 1u) I——dx J“ dy V) (—;+—xl7)qlx = \n\ll"" =% T
= 3 Lyt i
v > .\L\,\\)Ll rc X
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AP Calculus AB—Unit 6 -

_ §6.1 — §6.2 Antiderivatives—cont.
Trig Rules:

tb\c
—CeSK
1. Icos xdx =sin x + ¢

X A
'\- . Isinxdx=—cosx+c
3. jseczxdx=tanx+c »

5, _[csczxdx =—cotx+c

4 4, jsecxtanxdx=secx+c
—SN0
6. jcsc xcot xdx =—cscx+c
1. Find the following:
a) I(Zcosx-—sinx)dx b) IZsecxmnxdx c) j—3cscz xdx
7N 4 COSK +C 7 SeC K <

3ok R+
d) I —;—cscxcotxdx

' €) I sec/@ tanx)dx
——J_Z ¥

1

f)'[ dx sj SR Yo dyp
Sec. + sec x vongpo diy esex
g + secX to

- Cos X ¢

g) I (3x* —5x+sinx)dx h) I(e" —sec’ x— é)dx
. X
Y S %x"' —CPSK +C

i) I(sinz x +cos’ x)dx
& — bo~x =5 n x| +e

f@dx
X +c
b j‘(IOx4 —2sec’ x)dx

2T — 2o~

k) f cos

sin’

‘Zd& = j cestx csce A

=

—CSCY ¥

[

[@x+3)dx such that F(1)=4.

2. Initial Conditions: You can solve for a particular ¢ if you are given certain preliminary information; find

y< X +2x +c ()

\7’4’ 3l +c

= A +3x +0
v
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AP Calculus AB—Unit 6

3. Find the- velocity function v(t) and position function s(t) corresponding to the acceleration function

a(t) =4t +4 given v(O) =§ and s(O) =12.

alk] =4y
Vi e zetsdte e (98  &=Grorc
v(k) = 2ETrHE+& e

s(k) = 7;3\',3.\— 2 +8c +C (O/ '7)

=iw

z,a,rcsfa(x) +C

2l + B re

Other Rules: _ sle) = 7:3 342t A8+
Ia"dxz : dx =arcsinx +c 3.J 5 dx =arctanx +c¢
1—x? 1+x
2. Find the following 5 g
P =K
1 2
a) x* =3x+2")dx b) ( — —x3)dx c) dx
.[( ) .‘- 3 . J./l_xZ
-51' 7‘*’2,._‘\"* B o lg ek
in2 'T,Tg 8
1 3 = 4 -
d) J‘(—2—x—2——1+x2)dx e) I(x3 —4x5 + de f) I(;+3e )dx
[ (-2 2 sx 3’,5,< S o4 b + C

V. —Backunpe YO
22X

g) j[g;——«/ie')dt

A.I: \n\'b\ -z c‘k i

i) j(4secz X+ cscxcotx)dx

gnye — cSex + <

sec + dx
m) I (chgic x»r ?(38 )gx

Ttnx + X o

/j‘k x
¥ p) I(Z"—»x +4 )
i o2
In2 - 3*

h) j(4sinx+3cosx)dx

— ‘-['c,o;)( + 254 o +<

k) J- sec x(sec x + tan x)dx
(s ec™® + secdung dx

= {:unx—\—mxi*%-

Al

n) J-smx de torgo - secx dix
cos” x

= sec X +cC

. 1
v j(e —1+x2)dx

¥ — ackone v

d (“\'ﬂ f—e\n"h(l{yx) = —lnY4
] H*

1 1 -
i) I(Em_xjdx: fsmx&x

= —~cos X +<&

COSXx Caskw

3 arsax v

Ind
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AP Calculus AB—Unit 6 , -
§6.2—cont. Evaluating the Definite Integral

, .
By the FTC part 1, we know the following: - j f(x)dx=F(b)—-F(a) where f=F'

5
Example 1: Evaluate J 2xdx by hand.

5
By FTC, we know I 2xdx = F(5)— F(l). Since F(x)= J. 2xdx = x* +C we can conclude the following:
1

F(x)=x*+C F(5)=5+C FGS)-F1)=(3+C)-(1*+C)=24
F)=1*+C

5
Therefore j 2xdx = F(5)— F(1) =24
1

Example 2: Evaluate | cosxdx by hand. (*Notice the simpler notation*)

o'--—--.c'«lg"

sz

. .5 . 1 1 .
I cosxdx =sin xl S sm(—”) -sin(0) = 5 0= 5 Use your calculator to check this answer.
0 6

Practice: Evaluate the following using proper notation shown in Example 2. Check your answers with

your calculator.
1. jx%lx vy dex %, j(-’z‘-+3)dx o 4, 1f(—2x+4)dx
0 2 ) 0_51— 3
L L e[ |
o1 5(1--2 —(a)+4(z) |- ()4
! o(@y=re [ (4 1'5@] [ 3(_1):‘ [('3 "(o)( ?J('E n)
(‘H"L’ ~(1-¢) = ,31%‘) s ) :w-—7,+‘~t=2
1 . 2 1 Al 1
5. [xd 6. [(-x*)dx 7. [edx 8. :“xldx
%x'»\\ Uy & <\ Think Geometricallyl” t
| vo X " 1o ‘e\z joé?da)c_kjlxa)c
(-8 (- 567) - () SORT i
> 2-t ce-\ e £l
4 2
/ 29 + (30 ’°
%’% - ‘?.‘; . ( P<age7




AP Calculus AB—Unit 6 . )
For each of the following problems, write a definite integral to express the area under the curve. The equation
for the pictured function is:provided. Then use the Fundamental Theorem of Calculus to find the area.

6. FO)=2x+1 de / 2 |
i o d Z
CﬂMLdu,’ a1 / fo @/x \> >o—1.,
Hfene 1

= IRA% \D

= (ZL—\-"L«) — <°L+°\)

7. f)=x—4 (Xt"\\ dy
‘gf'**\i
oyl - (3610
s(yEA) -2 1-9)
8. f(x)=3-x*

\ T34 - () =B

AR
3&’ 'sx Y
G-1)- (3+%) =
9.  f(x)=¢"
"2
f e,xébo
(o]
= o
elre e
he 2%
~ 6.389
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AP Calculus AB — Unit 5 — part 2 Chapter 6 Constructing Anti-Derivatives

For each of the following, .graph and find the area under the graph of f (x) from a to . Show the definite
integral and your evaluation.

10. f(x®)=4-x, a=-1, b=2 ’ - :
e,
f_‘ (l’\’x\)A)C : > Ycl{-)c
y- 20\ 5 A
@(7, ~427) - (4 -1 {(49) TN Gwzw‘*f) -'
= (3-2) —(-4-%) i
= i+l -—ps5 =T z
2
1. f(x)=4x-x*, a=0, b=4
X (A=) : , 4
5: tx %2 obd AN
_ —:,__\,)(a‘.'{ ¥ /h\
2 ¥ 2% 1, - \\ -
L 5 > _ CE ) / X
= <’Z<’ﬂ b(““ ) ( 7 i \\ Y’«'L{){’)(ql
= 4 (2= ASRESE!
= LLD(% = %—: T’!07’/3 A4
12. _ _ T . T ’
Tf(x)-—cosx, a= 2,b—2 .
cs(X) dy ;
‘S‘—% : /77\ ﬁ
Punchon popety . R A
by even hunchn f i O\erwx
g”' cos (¢) Ax e N
=5 ) | ha N
T
= Z 5\;\(’4) \:

=2 (8nT% — 6&5\0>
=} 2(\ ’0)
=9
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