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§5.3 Interpretations of the Definite Il_ltegral — Student Notes
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The Total Change Theorem: The integral of a rate of change is the total change: 7 ’L
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This theorem is used in many applications. Fadr f [v(®) dk= Lok ’b_—
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Example 1: A bacteria population which is 5 millidn at time ¢ =0, is growing at an instantaneous rate of

2" million bacteria per hour. Estimate the total increase in the bacteria population during the first hour,
and the population at £ =1.
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Example 2: A deer population is increasing at a rate of %Zg_ =20+25¢ f)er year (where ¢ is measured in aiblion .

years). By how much does the deer population increase between the 4™ and 10™ years? Show integral set
up and answer. ‘
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Example 3: A particle moves along a line so that its velocity at time ¢ is (measured in

meters per second). Find the displacement of the particle during the time period 1< <4. Find the
distance traveled during this time period.
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{Note: For velocity functions j"(t )dt =5 (t 2 ) -8 (t 1 ) , this represents the change in position or
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displacement. For total distance traveled, you need the total area or ﬂv.(t )‘ dt .}
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Average Value of a Function Lab
(Created by Ms. Haller — Adapted from MAA Materials Lab 13)
Warmup:
1. What do you usually do when you want to find the average of a set of data values?
2. Do that with this data set: 90, 100, 85, 75, 93.
3. What would it mean to find the average value of a function? =15 _ _
e  Consider the function y = x on the interval [0, 5]. W 2) ’lZ:' - '57: o
° t do the average of ALL the y-values'on this h will be? Why?
e AL e R I s s
Playing with blocks:
4. Buildamodelof y=x on [0, 5] with the blocks.
e  What is the average of the data set: 0, 1, 2, 3,4, 57

e  Rearrange the blocks into a rectangle that has the same base length as your original model. __{E
e  What is the height of this rectangle? 7
e  How does it compare to the average value you found in question #3? G - S more... S /. o o el W
e Depending on your answer: why are they the same OR why are they different? ,
Qsm rDLod(.‘S—-ng-\'aLL\fM\LWMF o \224F
Important Definitions:
max f(x)+min f(x)

Mid-range value of f over [a, b] = 5

Average value of f over [a, b] = — j. ’ f(x) dx.
— b -@<a

Calculate both the mid-range value and the average value for f(x)=x. You will have to “think backwards” for the anti-
derivative function you need for the average value computation.

5. Mid-range value of f(x)=x over [0, 5]= —Q—t-‘i- = 25

A¥L o
Ox\,ﬁws. Average value of f(x)=x over [0, 5]= ashecs xdx = 2.5 MRTH-F: js‘ xdx=25
o= 5-0 0 >

Let’s look at this graphically:

Notice the horizontal line at the level of the average value on the graph. 61"
7.  Show or explain how you know that the area in region 4 is the same as the 51 4
area in region B. ;
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Playing with blocks: 61 2 3 4 5 &6
8. Buildamodel of y=x? on [0, 3] with the blocky{~>
e  What is the average of the data set: 0, 1,4, 9 //

e  Rearrange the blocks into a rectangle that has the same base length as your original model.
e  What is the height of this rectangle?

srprHtd = 4 - 2.5 "
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Calculate both the mid-range value and the average value for f(x) =x2 You will have to “think backwards” for the anti-
derivative function you need for the average value computation.

9. Mid—raﬁge value of f(x) =x> over [0,3]= 9+0 _ ¥.5

o : 91 5%’*

10. Average value of f(x) =x2 over [0,3]= _ | ) o 8 \L M
Use defivs i hion ¢ calewdavy B-0 J,4 dx | Y
{
Let’s look at this graphically: y (“3 25
11. Draw a horizontal line at the level of the average Value on the graph of f over 9]
the interval [0, 3]. \/: % ¥ cops ohrendy dreane 51 B )

12. Use calculus to show that the area of region A is the same as the area of
region B.
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13. A simpler method is to show that

I:( f(x)— average value of ) dx=0.
o Try this. . P -
fﬁ ()(‘ ;’3) d'x = O \/

e Why does this method work? Hint: What does the graph of f(x)— average value of f look like?
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Average vs. mid-range are C/“v\-’
In the problems in this lab you noticed that the mid-range value was likely to be different than the average value of the function.

In this question, we will explore whether there is anything about the shape of the graphs of the functions that could account for
this difference.

The graph of f(x) = e*is concave up on [0, 1]. You will have to “think backwards” for the anti-derivative function you need
for the average value computation.

14. Mid-range value of f(x) =¢" 15. Average value of f(x)=e* 1.16. Is the mid-range above or below the
over {0,1]= over [0, 1]= g \ average value of f(x)? Yo c*
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The graph of f(x) = sin x is concave down on [0,—2— I
17. Mid-range value of f(x) = sin x 18. Average value of f(x) =sinx over | 19. Isthe mid-range above or below the
Via average value of f(x)? >
over [0, —]= - Y S0
e 0, 1= N
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20. State a conjecture regarding concavity, mid-range, and average value of a function for a continuous function over the
interval [a, b]. ip H’L) S ConCave P LH,% M- raJ\BG 7 mrv\gt_ valare .
v < veduve .
e IT Hir) @ Ot dewr e idrnge £ aveoge

21. Prove this conjecture. The trapezoid rule (see Easton for more information) will help you get started.

(b+b,)-h +b) h
Area of a trapezoid =
>ﬁ,£wo\x ,/L ﬂ Awene < [ focldis
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A new look at an old problem:
“Suppose a stone is thrown upward from a 54 foot high platform with an initial velomty of 30 feet per second. After #seconds
have elapsed, its velocxty isv(®) =30-32 . It lands on the ground 3 seconds after it was thrown.”
ple)= 5% + 2ok — 1™
22. If the stone begms 4 feet high and lands on the ground, what is the change in posmon of the stone? Please pay
attention to the sign of this value.
& a-5Y4 = -54 &

change in position P(ﬁ\ ~p(0) _ 0-SH _ -8 A
- » o ——— O = m
change in time % -0 3-0
e  Calculate the average velocity of the stone on [0, 3] using this definition, "

23. Earlier this year, we defined average velocity to be:

24. Now, use the new definition for average value of a function to determine the average value of the velocity function on

[, 31-@;&), ﬁ v(g ok = %ﬁ (3&»52"6) o
" 3ioh -,

25. Use the Fundamental Theorem of Calculus to explain the equality of your answers in parts a and b.

L Pudae = @\; (9)

26. Why did Ms. Haller have you play with blocks?
a. She knew you would like it. _
b. To help you visually understand “averaging”.

c. T think about the difference between discrete and continuous functions.
d. All of the above.
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Definite Integral as an Average

Think of finding the average of temperatures during the day in your room at n equally spaced times,
P A, ,¢,. How do you compute the average of the temperatures algebraically?

Average temperature ~ S+ @)+ fE) +..+ f,)
n

- 7 - ° - N- -
The larger we make », the better the approximation. We can rewrite this expression as a Riemann sum
. . 30 30
over the interval 0 <7 <30 if we use the fact that At=—, son=—:
n

Average temperature ~ S+ f(t)+ J; (()tz) +o.+ f(2,)
()
FEDAt+ fE )AL+ f(t)AL +.....+ f(2,)AL
30

1 n
36’; f(ti)At

As n—> o, the Riemann sum tends towards an integral, and 1/30 of the sum also approximates the
average temperature better.

Average temperature = lim Li f(t)At = N _f ? f(t)dt
p o 3() 4= 4 300

Average Value of f(x)

on interval from x=ato x=05b

1 b
Avg Value = —-——-—-I f(x)dx
b—aqg’e

How to Visualize the Average on a Graph: | B ) =)/
UNLTS | -
(Average value of f)-(b—a) = j‘b' Ff(x)dx £
- eters ¢ Areaundercuve= /.
L__.___...> © O\ thS) = (VY\ a\er.s) Area gf recigungg 4

e

Average vaiue
hZowre of f{x) on [a,b]




KeY

Example 4: An oil spill and its subsequent clean up was monitored. It was determined that the rate of
change of the area affected by the spill could be modeled by:

R(t)zl’OOOsm(———-tJ 7q}
24 h(‘

where R is measure in fi* / hr and time, ¢, is measured in hours. The graph below is of the function R(¢).
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d) Find the average rate at which the oil is spilling out over the time period 0 to 12 hours.

J?z_ R db = TR 437268 H7

Avecose Rate ”'\zﬁt‘zﬁb\d"" 6% . (1A T12H ﬁ\%
= (26.6\4 [
202, 61 o

Example 5 (Calc) A news broadcast in early 1993 said the average American’s annual income is changing
at a rate of r(f) = 40(1 .002) dollars per month, where  is in months from January 1, 1993. How much did
the average American’s income change during 1993?

Ton | W9 =0 TNew Amricanls
Dec 2\ 9> = \e | mmmg

[ode e Y inonaased loy
‘:%ﬂ% = go 4o (1.600) d Augs .30 BURS.80 benuesr—

Income - (wxoy Jor 3 Dec®), 112
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Example 6. (Calc) If the population in Mexico is modeled by the function P(¢) = 67.38(1.026)" where P is

in millions and t is in years since 1980, predict the average population of Mexico between the years of
2000 and 2020. What are the umts‘7 Show set up

L (w wb) db = - (™ pry de = S (2942.0007)
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Example 7. Suppose C(t) represents the daily cost of heating your houseymeasured in dollars per day,
where t is time in days and t = 0 corresponds to January 1, 1997.

a. Explain what the following represents. ~ What are the units?

90 m
5 e ot cost- o haed your hovse over
IC(Z)a’t (‘6(908‘5@/\/ S ol (G9T Where COSZ; S In ydool&a{‘f :
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b. Explaln what the following represents. What are the units?

jC(r)dt represents Yre oneruge et n DUers/dany o
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PRAC’I"ICE: Interpret the Meanings of Definite Integral Expressions
nH C (t) is the amount of coffee (in ounces) in a cup at time t, in minutes: Uwis @TA(WQOQS)(MW\> :%j)%f'
{8 /ll/xq/ AL i o4 cofHfee_
a C(t)dtle.l n e ontren

O 4o Einu*ts (s [p, | oLMNCES. i
2) W( ) is the temperature of water (in °F) in a tub at time t, in minutes: m\;\-:s ( ’\) ( ( Min F
' yn

20 The avergatempuniare
# W(t)dt=60.79 OF A Nreke s on Hreimienel

200 o €20 minkes &  (015°F.
3)  Johanna’s velocity v(¢) is measured in meters per minute. Interpret: u()\\'S ,—% mm) = meles,
C40 . 40 e
a) j|v (1) dt = 7600 b) j (t)dt = 5840
’r o\'dlb Astuncetraveled- @gs‘ouu.erwd‘ j’o\f\cww» s 5840 m«v‘re/:v

4 If f (t) is the amount of cola consumed in the U.S. in billions of gallons per ear and =0

corresponds to the year 1990, interpret the meaning of
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[Practice Problems: The Definite Integral, Area]

Example 8: Sketch the region corresponding to each definite integral. Then evaluate each integral
using a geometric formula.

Semuevde r=2

a) J‘134dx=‘f(%’f b) J-g(x+2)dx= jf2\/4—x2dx=
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Example 9: Set up a definite integral that yields the area of the region then, evaluate the integral.
a) ’V ég'b) Z}J{I <
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Example 10: For the graph f(x) given to thé right find the following geomet{r-:é%

: - NETE x—sc@&u iz A
a. If(x)dx = l b. If(x)dx= use ’cha,Oh 0As W/ (CD,
0 = » * _V= = ) £l - = 3 3
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