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§5.1 How do we Measure Distance Traveled given Velocity? — Student Notes

EX 1) The table contains velocities of a moving car in fi/sec for time t in seconds:

time (sec) 0 1 2 3. 44 |5

velocity (ft/sec) | 10 | 15 |25 |45 |30 | 50

A) Label the x-axis & y-axis for the graph of these points.

e Draw rectangles using the left-hand velocities as the heights of
the rectangles.

e What unit is associated with the width & height of each
rectangle? W=aAt = Isecoad W=y (k) F+rhec

e What does each rectangle area represent and what is its unit?
The diStonce fhe corm Tvanels, feer, M
(5ec) (Frec) = FE
e Since each rectangle area represents a __ 12\ STANCE
to estimate the total distance the car has traveled.
At

distance=(_4 )[ 1O +15 + 25 + 45 + 3o ]
LHS, = 125 &+

We call this a Left-Hand Riemann Sum estimate for total distance traveled.VCﬂ A’/ﬁec

B) Again, label the x-axis & y-axis for the graph. This time draw
rectangles using the right-hand velocities as the heights of the
rectangles. il

distance:( )[ 15 + 25 + 45 + B30 + 8D ]
= |65 [+

We call this a Right-Hand Riemann Sum estimate for total
distance traveled.
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, the sum of the rectangle areas may be used
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C) Another way to estimate the total distance traveled is by using trapezmgal ax{eggé nstead of rectangleswg)

Again, label the x-axis & y-axis for the graph. This time
connecting each height with a segment to create a trapezoid. Find
the area of each trapezoid and then the sum of these areas. .

Recall the area formula of a trapezoid: % ’(h ) ( o HOL\ Z;
distance = ( 7,(0) l{)\'lp + V515 4 15r5  USran 30%;50‘]

TRAP,= |45 f+
P 129+ 1S,
D) Find the average of the LHS and the RHS: -
= 4D H-

l'

e How does this compare to the Trapezoid Riemann Sum? €C[qu .

LW +@bs  opo

o What is the estimate of the total distance traveled in the first five seconds?

149 £+
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> Let’s look at the notation that represents the exact value for the total distance traveled rather than the
Riemann Sum estimates (LHS, RHS and TRAP) for the areas that we found on the previous page.

5

j v(f)dt | We read this as “the definite integral of v(t) with respect to t on the interval from t=0 to t=5.”
0

We interpret this as “the area between the curve v(t) and the t-axis from t=0 to t=5.”

Each product vg&dz‘ represents Yire distnce in feet Hre cam el 10 o & wren f}\wﬁm oL
(s‘@c}(sec) = ’pf
If we allow dt, the width of each rectangle, to get infinitesimally small then the number of rectangles will

become infinitely large. Sum up all of the areas of these rectangles and we will have an exact value for the
distance traveled.

% 5
The integral symbol I means _9ummei oa . The integral symbol I has limits of integration
0

\ $el
with the lower limit _¢=0 H and the upper limit _¢= 5%%vhich represent the left and right bounds of
the area we are finding.

EX2) A polar bear is moving through the water, followed by a kayak of Eskimos, during a 30 minute
time interval. A table of speeds of the bear, v(7), 3 ¥

is shown for 5 minute intervals of time, t.

MiD At =\0pn ™MD V)=

A) Plot the points from the table on the graph below then approximate J- v(t)dt with a Riemann sum,
0
using the midpoints of 3 subintervals of equal lengths. Using correct units, explain the meaning of this
integral. NOTE: You must use data in the table. You cannot invent data to be midpoint height values.
' Midpoint Riemann Sum:

t (min) 0" [5 [10 [15 [20 |25 |30
v(7) fUmin | 0 25 3] 42 |(501] 36

'}
= ¢

55 P . » » B . * . At4\0 ‘{Vllh V(b) \NbS'. 30/?,1,)5‘5
. 50 . M1D3=003 (’50 + LA 50)
. 45 | - =10 (W)
i o = 1120 £+ _
. f° v (©Q) de = 120f= My,
» 35 » -
ok : B) Find the other 3 Riemann Sum estimates
. 25 o bl i) LHS,= 5(0}(% + 25+ 3L +Y2T5D)
| = Q45 f+
« 20 1 * » s . . T
151 . A s i) RHS,=D(20+ 1D 32+ UL+ 50 + 3b)
- ;f} » 3 = b » * - = \0/15 'P"’
w Bl & Bix Lk o iii) TRAP, =7‘«,(5) (04,2(904/25%%%@%56)

9 = Q85 A+

5 10 15 20 25 30 35 40

In this unit we will learn how these estimates compare to each other and to the actual integral sum.

LHS+RHS _ TR
2
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3 §5.2 & §7.5 Comparison of Riemann Sum Approximations — Student Notes

For each Riemann Sum:  (a) draw rectangles or trapezoids representing each geometric approximation.
(b) Show the calculation to estimate the definite integral.
(c) Is the Riemann Sum approximation an underestimate or overestimate?

Figure 2: f(x)=x"+1

e g | Fa

Figure 1: f(x)=x"+1
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Use LHS4 to approximate I(xz +1Ddx . Use RHS4 to approximate j (x* +1)dx

LWSy A1) (1+g 45 410) Rus, {2 r5r10+T)
= |$ = 4

Under or Over estimate? Under or Over estimate?
Figure 3: f(x)=x"+1 Figure 4: f(x)=x"+1
o — 20 - Y
18[ 18p L, | 5
16} 16F é g™ (.25
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4 4
Use TRAP; to approximate I (x* +1)dx Use MIDj to apﬁfoximateJ'(x2 +1)dx
0 ¥
TR, = Qf\ 1) ( +2(2+5r10) N1 MiD,=(1)(125+ 325+ 7.25+ 13.25)
=206 = 2%

Under opOverkstimate? @r Over estimate?

Ay -——
gy _ 352 o
Find the average of LHS4 & RHS,. —\——’i@" = /,7/‘ ,,7/(? TW"P

Can you explaialgebraically 2nd geometncally why the average is equal to TRAP;4 approximation.
TM = @0 ((H’i +(2+8)+ B r10) Hio ) M\D\AMZ oPePrCHTM

EQM’L LH&%% = <\+ 2+ 5+ 10y + (2+ S0+ l’Q —mo ba&‘es ;

<




hey

¥ MA/TH'?@AC §5.2 Definite Integral & Riemann Sums

Find an approximation for the definite integral by using Riemann sums with 4 subintervals using left
endpoints, right endpoints, midpoints and the trapezoidal rule.

/25 .55 lets 1815

L e | e owneige ] e | pAsT2
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h e has IR % T % | 7
w22 1T W @

<>/(‘){_ (T %) FY(\S—O)T’ Y,((?))) 6¢60L
LHS:= (0,7,5)/ /+ 184 %f/,é») 0. (627427612 0.60%
ris- (025) (o + 4+ Yy +4)= 019242 0.HS
0.4995
O voi- 025)( &8+ G+ b + Lh) = 0.4955479565 047

| e 4+ o #1224 = 0,5081937642 00.?0&
TRAP4=(;5(.’LS)(I* 2 Bt =7 + ) 4) 0208 97

: 3515 4425 4875 5025
2. [3¥dx x 9 2.715 4. 50 525 (o
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asi- (b:78)(27+ G5 ¢ % 2 4 223 o /59.46875 152,948,
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43, p2d = GAO, QTS| 2628
rus- (079 ( 52 757 ¢ T = _220.219,
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AP, (65) (27 + (Z)(ms,m,% " /3/2(?)+ /of)—/??.?‘f%f /g-é"‘%‘/

S




Key

§5.2 An Introduction to the Definite Integral — Student Notes

oM 5

Directions: Use the graphs for f(x)= sin(x) shown on the next page for the questions which follow.
1. Estimate the area under the graph of the sine curve over the terval [0 z } by counting blocks. Show
g,

J'v—4

your work.
1‘0M%HEH;§H‘;; —p——
-+ f(x) = sin (x)+ = HH 0.00
’ 0.084%
0.8 > ; : e
= : O‘b;t
cmxun 0.1
o ' : 6.191
s 0.198
z . L )
0.4 i 1 1.o19t squere wuts. of orec—
0.2 , i pehveentne cnve geer wi{¥)
i and. AL el
' : i x< 0 to X=F
] 0.2 LM 10.6 lo,s X 1] LLZ vﬁ y,a
T T p
v g —3“

b

S IRINY PR, . s | A | A
0.0 0'8‘{ 285\‘ L0090 0 00D .o .03
Lhe Bat DOBE sk L008, 001 .00L
0.00 0.8 5120 515; 0156 0141 0.148

2. Now, use 3 partitions find a left hand sum LHS; and a right hand sum RHS3. Shade your LHS in

blue and RHS in red. Show computations in the space provided below. Average LHS3; and RHS; to
improve your estimate of the area under the graph of the sine curve. This average is the TRAP;3

LO[TTTTITT 77T T [ , = [
1 (x) = sin (x) b X SN,
0.8 e O O
7 : o -L
0.6 4 i T |7
0.4 - 1 il
_’W«ﬁ |
0.2 =
0 304 106 08 1] 12 14 16
il x X
3 3 2 g
1 = = O
U'Sa :%(Op;/w[;::\ =Yg Y s -
_ g... =12 :
1l L

TRAL, = LS AR _ ngoug... = 0.47]
= |
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» 3. Now, use 6 partitions find LHSs and RHSg Shade the LHS in blue and the RHS in red. Show
computations in the space below.

X H&d‘ Sln()gL ’
f o |0 LW5,=
LO[TTTTTTITTIITT] P e i R : 50
B3 et : 1 | ; .
L f(xr = sin (x) i‘ S ais T 0.258819. %A :‘,(0+A+‘*( =42 ,8)
“H ] ju =L = 0.8632%1
| T S 2 0. 863
1 "4 T 4% E _@ - =
aiiam FE : _5/: a1 | o. %5‘1‘25 7’(AA = )
- i §
it | oo Z L5I8 ...
g = BT <
= , LN LI = 4LVES
0 02 04 |06 08 1] 12 14 16 —
T T T PRI i .
o 3 3 Whay 15 Hais sst besethen

rss?
4. Finally, use 12 partitions find LHS12 and RHS12 but NO DRAWING and show the set-up and final
answer onI(. Use your calculator!

L85 a0l (e () ¢ (8) - o4(55) () - 59(B) (0 s it 50 )
= 6.9%312185 0©.933
Kis, = ksm %)+ o0 (%) Fon(E)+ s (%) + 5';(@,;,)*'5"("(%)‘*' f‘;‘(’%{)*’ sw (D) "S';‘@)" ) ro( Bt i)
7= {.0b4021545 |. Olo‘/
5. What seems to be happemng to the estimate forthe Ag AX decreaseS € nunber oFr‘c leg

area as you increase the number of partitions used in N €0SES dne eshim m °SU
calculating the Riemann Sums in the previous 3 to e ashvod-ares
questions?
6. Write a definite integral to represent the actual area
under the sine curve over the interval [ fé Swn (bé) OQ)O
1

7. Use the calculator featute MATH 9o evaluate the T 5 ()L ol
definite integral you wrote in the previous question. - £l § b
The creo owmded b?m funchn ycim)o émx.a,x\s petwreen X=0 t x= 5

Ly

8. What do you think the area under the sine curve f v & ()CJ dy =7

would be over the interval[0,7]? 0 o LA
Verify using MATH 9: Symmedry at- x=T )

9. What do you think the area under the sine curve 2w . .
would be over the interval [0,27] . f 0 s\n 0“, e

Saneont Moy Sar 4 fe

10. Find the area under the sine curve over the oren. alove e 30-0K8 ¢ below .
interval [0,27] using — S"us‘h () doo =0 e Carve S Posmive dbud’ M‘&:_
What happens?????? Why? B lplon e 0SS and alove

are 1% N,ga;‘(we oreas Cancel o-k.
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§5.2 & §7.5 Summary of Under/Over- Estimates of Numerical Approximations — Student Notes

For the LHS & RHS the épproximated integral’s relation to the exact integral value depends on whether

the curve is increasing or decreasing.

Examine the four functions below which illustrate the four combinations of increasing/decreasing and
concave up/down functions. Red rectangles are used for LHS. Blue rectangles are used for RHS.

Complete each statement to show the LHS or RHS relative to the actual integral value.

TR

a 5 i
f(x) =2—-0.1x%

1 1 :
o 1 2 3 0] 1 2 3 '4
If f(x) is decreasing on [1,4], then If f (x) is decreasing on [0,4], then
4 4
RS Sfldxg LS RAS <[2-01x%des LWS
1 x 0
e Ten s :
f(x) = 0.1x f(x) = x: /

/

o 1 2 3

0| L 2 3 4

If f(x) is increasing on [0,4], then

4
LS < jo.1x2dxs RIS
0

If f(x) is increasing on [0,4], then
NETE S jJ;; o< BHS
0

CONCLUSIONS:

If f(x) is increasing on [a,b], then

b
LuS gjf(x)dxs R4S

If f(x) is decreasing on[a,b], then
b
RS sjf(x)dxs LuS,




» For the TRAP & MID the approximated integral’s relation to the exact integral value depends on whether

the curve is concave up or concave down.

Blue trapezoids are used for TRAP.

Red rectangles with tangent segments at midpoints are used for MID.

5 f(x)=0&§x2+1 V » f(x)zﬂ.;xE—l—l - f(x) =-—§L5x2+3 *gﬁ{:—-ﬁbxua
/ R
2 2 / 2 2 X
/ /
»«1-/ : ;"/ 1 1
0 1 2 [ 1 2 0 1 2 0 1

If f(x) is concave up on [a,b], then

Mo ij(x)dxs TRea?

If f(x) is concave down on[a,b], then

TR <[ f(x)d<_MID

M M ¢ TRAP ARE (eosel. ESTIMATES 1B (NTBGEL

“Thens LS & @KS.

FINAL CONCLUSIONS: In each inequality, fill in the blank with LHS, RHS, MID or TRAP to show
their approximations relative to the actual integral when the behavior of the graph is known.

If f(x) is increasing & concave up on [a,5],
then

' b
LS < MI0 <[ f(x)ds<TRAF < RS

If f(x) is decreasing & concave up on[a,b],
then

b
RHS < MO sj'f(x)dxs Teaf < LHS

If f (x) is increasing & concave down on [a, b] ’
i then

b
LksS s’l’msj'f(x)dxs MO < RAFS

If f (x) is decreasing & concave down onfa,b],
i then

b
RS < Wsjf(x)dxs Mg < VHS




