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Integrals and Their Applications (AP Calculus AB)
Students should be able to:

e recognize antiderivatives of the basic functions using differentiation rules as the
foundation

¢ calculate antiderivatives of functions using algebraic manipulation techniques such as long
division, completing the square and u-substitution

o interpret the definite integral as the limit of a Riemann sum, and also express the limit of a
Riemann sum in integral notation

o calculate a definite integral using the properties and geometric interpretations of definite integrals
use the definite integral to solve problems in various contexts

e recognize that the definite integral of the rate of change of a quantity over an interval gives the
net change of that quantity over that interval

o extend the definition of the definite integral to functions with removable or jump discontinuities

o apply definite integrals to problems involving the average value of a function, motion, area and
volume

e use integrals to solve separable differential equations
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Mathematics

Multiple Choice

1. (calculator not allowed)

MTON

+ 0 \ -

Graph of f

The graph of a piecewise linear function f (x) , for -3<x<2, is shown above. What is the

value of J._zz(f(x)+2)dx ?

(A) 5
(B) 6.5
©) 11
(D) 12.5
2. (calculator not allowed)

Let f(x) be a continuous function. Using the substitutionu = 3x +1, the integral
4

j f (3x+1)dx

1

is equal to which of the following?
4

(A) j f (u)du

(B) 1ff(u)olu
31

©) STf(u)du

(D) %T f (u)du
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3. (calculator not allowed)

I%dx=

(A) Inx*+C
(B) -Inx*+C
(C) x'+cC
(D) —x*'+cC
(E) -2x*+C

4. (calculator not allowed)

&) 1)
Which of the following integral expressions is equal to !}ImZL 1+T HJ ?
—>00 ]

(A) j(1+2x)2 dx
(B) f(1+ x)" dx
(C) ixz dx

(D) %Exz dx

5. (calculator not allowed)

£(x) = x for x<2
3 for x>2

4
If f is the function defined above, then I f(x)dx is

-1

9
A) =

15
®) =

17
© =

(D) undefined
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6. (calculator not allowed)

2 x2+4x+5
j—dx=
5 X+3

84
A) &8
(A) =
(B) 3+2In2
© %+2|n2

(D) %+2In3

7. (calculator not allowed)

1
o
X°+6x+13

(x+3)

1
—arctan——~+C
(A) 5 5

(B) 3;“3

’; +3x% +13X

(C) In \xz +6x+13\+c

(D) 2arctan@+c

8. (calculator not allowed)
At time t, a population of bacteria grows at a rate of 5e®* + 4t grams per day, where t is

measured in days. By how many grams has the population grown from time t=0 to t =10
days?

(A) 5e* +40
(B) 5e?+195
(C) 25¢° +175
(D) 25e? +375
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9. (calculator not allowed)

7
Which of the following limits is equal to Ix3dx ?
o kY 1
lim 3+—| —
(EHE
n k 3
@) lim)’ 3+—] :

n 3
©) lim>’ 3+4—k) %

n 3
(D) Iimz 3+4—kj %

10. (calculator not allowed)
.[ex cos(e* +1)dx =
(A) sin(e* +1)+C
(B) e*sin(e* +1)+C
(C) e sm(e x)+C

(D) —cos (e +1)+C

11. (calculator not allowed)

9 .
Using the substitution U =\/;<, the integral Ism Jx dx is equal to which of the following?
1

Jx
(A) 1'?fsinu du
(B) 2J~smu
(C) 2 j sinu du

9
(D) stinu du
1
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12. (calculator not allowed)

i The right triangle shown in the figure represents the
| boundary of a town that is bordered by a highway. The
| population density of the town at a distance of x miles

from the highway is modeled by D(X) =vX+1, where

D(x) is measured in thousands of people per square mile.
According to the model, which of the following
expressions gives the total population, in thousands, of

|
|
|
| Town
|
1] the town?
|
|
|
|

4 miles—|

(A) j\/x +1dx
(B) fsﬁdx
©) ix\/x +1dx

(D) i(4— X)V X +1 dx

13. (calculator not allowed)

[x-1
f(X)=1 x-1
1 , X=1

, X#1

4
If f is the function defined above, then I f(x)dx is
-1

(A) 1
(B) 2
(ON
(D) nonexistent
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14. (calculator not allowed)

2

j-x2+6x+6
. X+l

dx =

(A) 1+In%
(B) 6.5
©) 6.5+In§

(D) 65+In6

15. (calculator not allowed)

szx_4dx=

1
——+C

1
(B) —2(x2 _4)+C

(@)} %In‘x2 —4‘+C

(D) 2In|x*-4/+C

1 X
—arctan| — |+C
(B) 5 (2]

16. (calculator not allowed)

ex? —1
J.:LXTdX =

A) e-1
(B) e*-e

© e+
(D) e*-2

® -5
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17. (calculator not allowed)
J-l arctan x

0 1+x32

>

~
Y
N

(©)
(D)

H
= w ENg R
@‘amN‘am |

18. (calculator allowed)
A rain barrel collects water off the roof of a house during three hours of heavy rainfall. The

height of the water in the barrel increases at the rate of F(t) =4t ™ feet per hour where t is

the time in hours since the rain began. At time t =1 hour, the height of water is 0.75 foot.
What is the height of water in the barrel at time t=2 hours?

(A) 1.361ft
(B) 1.500 ft
(C) 1.672ft
(D) 2.111 ft

19. (calculator allowed)

10
The function g is continuous on the closed interval [2, 10]. If I g(x)dx =63 and
2

51 5
J'Eg(x)dx =-16, then IZg(x)dx =
2

10

(A) 31
(B) 62
(C) 95
(D) 190
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20. (calculator not allowed)
A pizza, heated to a temperature of 350 degrees Fahrenheit (°F), is taken out of an oven and
placed in a 75°F room at time t=0 minutes. The temperature of the pizza is changing at a
rate of —110e**' degrees Fahrenheit per minute. Which of the following is the best

30
interpretation of I—llOe‘O"”dt ?
0

(A) The average temperature of the pizza, in degrees Fahrenheit, over the 30 minutes time
interval after it was taken out of the oven.

(B) Temperature of the pizza, in degrees Fahrenheit, 30 minutes after it was taken out of the
oven.

(C) The rate at which the temperature of the pizza is changing, in degrees Fahrenheit per
minute, 30 minutes after it was taken out of the oven.

(D) The change in the temperature of the pizza, in degrees Fahrenheit, over the 30 minutes
time interval after it was taken out of the oven.

21. (calculator allowed)
What is the average value of y = Zcoi

on the closed interval [-1, 3]?
X“+X+2

(A) -0.085
(B) 0.090
(C) 0.183
(D) 0.244
(E) 0.732
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22. (calculator allowed)
On the closed interval [2, 4] , which of the following could be the graph of a function f with

1 4 a9
the property that EJ.Z f(t)dt=1"

A (B)
4! 4}
3 34
2 2
A LA
01 2 3 47 o 1 2 3 4
y
© 3 (D) 4!
47
3 3
24 27
) v 1
071 1 5 4 0~ 1 2 3 4
y
41
(E)
3..
) —_

01 2 3 a
23. (calculator not allowed)

If f isa continuous function and if F'(x) = f(x) for all real numbers X,
3
then L f(2x) dx =

(A) 2F(3)-2F()
1 1
(B) SF@-ZF@

(C) 2F(6)-2F(2)
(D) F(®)-F(@2

(E) %F(e)—gF(a
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Free Response

24. (calculator not allowed)

x =2 | 2ex<=1| -1l |=l<x<]l| 1 |l<sx<3 | 3
f(x) | 12 Positive 8 Positive 2 Positive 7
fl(x) | -5 Negative 0 Negative 0 | Positive %

glx) | -1 Negative 0 Positive 3 Positive 1

gx) | 2 Positive % Positive 0 | Negative | -2

The twice differentiable functions f and g are defined for all real numbers X. Values of f,
f’, g and g’ for various values of xare given in the table above.

(d) Evaluate if "(9(x)) g'(x)dx.
(e) Evaluate T(Zf '(X)+ 3)dx

25. (calculator allowed)

On a certain workday, the rate, in tons per hour, at which unprocessed gravel arrives at a
2

gravel processing plant is modeled by G(t) = 90+45C05G_8j , Where t is measured in hours

and 0 <t <8. At the beginning of the workday (t = 0), the plant has 500 tons of unprocessed

gravel. During the hours of operation, 0 <t <8, the plant processes gravel at a constant rate

of 100 tons per hour.

(b) Find the total amount of unprocessed gravel that arrives at the plant during the hours of
operation on this workday.

(d) What is the maximum amount of unprocessed gravel at the plant during the hours of
operation on this workday? Justify your answer.
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26. (calculator not allowed)

Find the average value of f(x)= 4003(% x) on the interval [0,2].

27. (calculator allowed)
A tank contains 125 gallons of heating oil at time t = 0. During the time interval 0 <t <12
hours, heating oil is pumped into the tank at the rate

10

MO =2+ D)

gallons per hour.

During the same time interval, heating oil is removed form the tank at the rate

2

R(t) =12sin (%) gallons per hour.

(a) How many gallons of heating oil are pumped into the tank during the time interval
0<t<12 hours?

(c) How many gallons of heating oil are in the tank at time t = 12 hours?

(d) At what time t, for 0<t <12, is the volume of heating oil in the tank the least? Show the
analysis that leads to your conclusion.
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28.

29.

30.

(calculator allowed)

Grass clippings are placed in a bin, where they decompose. For 0 <t <30, the amount of

grass clippings remaining in the bin is modeled by A(t)=6.687(0.93 l)t, where A(t) is

measured in pounds and t is measured in days.

(c) Find the time t for which the amount of grass clippings in the bin is equal to the average
amount of grass clippings in the bin over the interval 0 <¢<30.

(calculator not allowed)

The function f is defined by f(x)=+/25-x* for -5<x<5.

5
(d) Find the value of j X+/25 — x2dX.
0

(calculator allowed)

There are 700 people in line for a popular amusement-
park ride when the ride begins operation in the morning.
Once it begins operation, the ride accepts passengers until
the park closes 8 hours later. While there is a line, people
move onto the ride at a rate of 800 people per hour. The

graph above shows the rate, r(t), at which people arrive

at the ride throughout the day. Timet is measured in
hours from the time the ride begins operation.
(a) How many people arrive at the ride betweent = 0and
t=37
Show the computations that lead to your answer.

People per Hour

Firk

14400
1,500

11EHD

i

Timiz (hours)

(d) Write, but do not solve, an equation involving an integral expression of r whose solutions
gives the earliest timet at which there is no longer a line for the ride.
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31. (calculator allowed)

R(t)

1 R(1)
8 (minutes) | (gallons per minute)
g 0 | 20
g 30 30
]
B 40 40
g 50 55
2 70 65
< 17 90 70

0 it

10 20 30 40 50 60 70 80 90
Time

The rate of fuel consumption, in gallons per minute, recorded during an airplane flight is
given by a twice-differentiable and strictly increasing function R of time t. The graph of R
and a table of selected values of R(t), for the time interval 0 <t <90 minutes, are shown
above.

(d) For 0<b <90 minutes, explain the meaning of J'Ob R(t)dt in terms of fuel consumption

for the plane. Explain the meaning of %Iob R(t)dt in terms of fuel consumption for the

plane. Indicate units of measure in both answers.

(e) Using correct units of measure explain the meaning of REO)-R(0) in the context of the

problem.

32. (calculator not allowed)
1-2sinx for x<0

Letf be a continuous function defined by f (x) :{ ot for x>0
>

(c) Find the average value of f on the interval [-1, 1].
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Integrals and Their Applications Reference Page

Basic Integration Trigonometric Functions:
[k f(u)du= J sin(u)du =
Jif@=gwldu= J eostuydu=
Idu _ J.secz(u)du =
urdu- [ esc’(u)du =
du _[sec(u)tan(u)du =
5
I csc(u)cot(u)du =
ja” du =
Ie” du = Helpful to know:
Inverse Trigonometric j tan(u) du = J' SINY 4y =
du cosu
,[ /az Wl -
[ cot(uydu = [ =" qu =
du sinu
J atu’

Fundamental Theorem of Calculus:

Average value of f(x) on [a,b]:

jbf(x)dx=F(b)—F(a) . j{f(x)dx

2 1

fag =] T(x)dx =2
b-a?

b b—
L f'(x)dx = f (b) - f(a) .

f(b)= f(a)+j1 f/(x)dx

FTC in context:

Current Amount =
time2
1

Initial Amount +It ("rate in"- "rate out™)dt

ime.
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